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An active, adjustable band-pass filter having seventh-order Butterworth attenuation characteristics (42
db/octave slopes) is described. It has 34 separate high-pass cutoff frequencies between 16.2 cps and 16 200
cps and 34 low-pass cutoffs between 20 cps and 20 000 cps. The filter weighs six pounds exclusive of power
supply and uses six miniature double triodes and no inductors. Its insertion gain is 4.5 db, its dynamic range
exceeds 110 db, and it will supply more than 50 v rms output with low distortion. Second-order harmonic
distortion is much reduced by running tube heaters at about 3.7 v, leading to greatly increased tube life.
Intermodulation distortion at 10 v rms output is only 0.065%.

I INTRODUCTION

HERE are many applications for a small, adjust-
able audio band-pass filter having sharp cutoff
characteristics. The filter to be described is adaptable
for sound analysis! and can be designed with fractional
octave steps for such an application. Its very sharp
cutoff slopes, wide dynamic range, and low noise make
it particularly valuable for a variety of measurements
in the audio field.

By making the filter active, all inductances could
be eliminated, with consequent reduction of size,
weight, distortion, hum pickup, and extension of the
dynamic range. In the interest of obtaining sharp
corners and high cutoff slopes with a minimum of
complication, it was decided to design both high-pass
and low-pass sections of the filter to achieve seventh-
order Butterworth characteristics, giving cutoff slopes
of 42 db/octave.

In a seventh-order filter of the type considered, seven
elements must be simultaneously varied in order to
alter the cutoff frequency. Because of the difficulty of
achieving accurate tracking of seven ganged elements,
it was decided to change the cutoff frequency by
switching the elements in discrete steps. Each decade
was divided into eleven intervals, equally spaced on a
logarithmic frequency scale. Thus, the ratio between
two successive cutoff frequencies is 10Vt=1_23285.
The selected frequencies and ideal cutoff charac-
teristics are shown in Fig. 1. There are 34 separate
high-pass cutoffs from 16.2 cps to 16 200 cps and 34
low-pass cutoffs running from 20 cps to 20 000 cps. In
the succeeding sections, we shall discuss the circuits
which yield these characteristics and the results of
measurements of the filter capabilities.

II. CIRCUIT DESIGN

The absolute value of the input-output voltage
transfer ratio, S(iw), of a seventh order, low-pass

* This paper was presented in part at the Ninth Southwestern
Institut7e) of Radio Engineers Conference, Houston, Texas (April
12, 1957). .

1 H. H. Scott and D. Von Recklinghausen, J. Acoust. Soc. Am.
25, 727-731 (1953).

Butterworth filter having unity transfer ratio in the
pass region may be written as |S(iw)| =[14w"]},
where the cutoff radial frequency w, has been normal-
ized to unity for convenience. To design a circuit to
realize such response, it is desirable to have available
the expression for S(iw) itself or, preferably, that for
S(p), where p is a complex frequency variable,
p=0c+iw, and ¢ is a small constant. A method for
deriving S(p) from |S(iw)| is outlined in Appendix I,
yielding for the present case

S@) =L+ (p*+dip+1)
X (p*+dp+1) (P*+dap+1) 1,

where

dn=2cos(xm/7), m=1,2,3.

The foregoing expression for S(p) shows that the
poles of the transfer function lie on a unit-radius
semicircle with center at p=0 in the left half of the
complex p plane. There is a pole at p=—1 and conju-
gate poles on the semicircle at ¢=+mn/7, m=1, 2, 3.
The pole diagram for the high-pass case is similar
except that there is a seventh-order zero at the origin
in addition.

Sallen and Key? have shown how Butterworth
response of any order can be realized with a chain of
simple active feedback circuits. The elemental circuits
are shown in Fig. 2 together with their ideal responses.
In Fig. 3, these elements are shown connected together
in block diagram form to give seventh-order low-pass
and high-pass sections. Cathode followers are used to
give those K values shown less than unity in Fig. 2,
while augmented cathode followers? (ACF) are used for
K’s greater than unity. These circuits also supply the
necessary buffering between the various elemental
frequency selective circuits.

Let us define T1=R1C1, Tz-_—.RzCz, p=R1/R2, and
4=Cy/C:. Then in the low-pass case, the following

2R, P. Sallen and E. L. Key, Trans. Inst. Radio Engrs. CT-2,
74-85 (1955). Also, MIT Lincoln Lahoratory Technical Report
No. 50 (May 6, 1954) ; 2 more complete treatment.

3J. R. Macdonald, Trans. Inst. Radio Engrs. AU-5, 63-70
(1957). :
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equations given by Sallen and Key are available for the
calculation of element values

e K

=:2(l+p)

Pl

=2(1—K)[1i|1—4(1+p,)1§1—m”’ 3)

S
T\Ta=1. (5)

For the high-pass case, the same equations apply after
the following transformations: p—y, v—p, T1—5T,,
Ty—T,. These equations are given for a cutoff radial
frequency we=1. Note that when K=1, Eq. (3) yields
Ti=(1+p)/d.

The foregoing equations are applied, for a given
value of ¢, by making a choice of K and v or p, then
calculating T and T. Since the element values depend
on K, it is important that it be stable; the cathode
followers and augmented cathode followers used in the
present design satisfy this requirement well. After T
and T, have been obtained, the relation Tyy=Tsp can
be used to determine whichever of ¥ or p was not

FREQUENCY (CPS)

initially chosen. For most cases, the formulas yield two
possible values for each.of the 7’s. Sallen and Key
point out that it will be generally preferable to select
the value of 7 which minimizes the dependence of 4
on K so that the characteristics of the filter are least
dependent on the voltage amplification of the active
elements.

After d, K, p, v, T1, and T, have been selected and
calculated, the selection of a specific value for any one
of the resistances or capacitances fully determines the
others for a value of wg of unity. For any other w,, all
capacitances or all resistances are simply divided by w,
to yield the values appropriate for that cutoff frequency.
The determination of the simple transfer circuits
involving Ry and C, follows from the relation 1 =wsRoCo
and a specific choice for one of these elements.

1. CIRCUIT DETAILS

It was decided to obtain the twelve cutoff frequencies
within each frequency decade by switching resistor
values, and to achieve frequency multiplication factors
of 10 and 100 by switching capacitors. On applying the
principles and equations of the last section, the element
values shown in Tables T to III were derived. Al
resistance values are in kilohms and all capacitance
values in microfarads. The capacitances shown in
Table I1I apply to the lowest frequency decade; values
smaller by 10 and 100 times apply for the two higher
decades.

In building the filter, frequency-determining capaci-
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Fie. 4. Filter circuit with switching of frequency-determining elements omitted.

entirely direct coupled and could be employed
separately where a direct-coupled filter was desirable.

The 12BZ7 cathode followers used were found to be
superior to 12AT7’s in having an input-output voltage
transfer ratio, K, nearer unity and a lower output
impedance. The factor K varied from 0.98 with an
added output load of 115 kilohms to 0.96 with an
added load of 15 kilohms. Since switching of the
frequency-determining resistors puts a varying load
on the cathode-follower circuits, it is desirable to pick
the impedance level such that the change from minimum
to maximum load alters K as little as possible. On the
other hand, with too high an impedance level, the
effect of stray capacitances will become important at
the higher frequencies. The impedance level has been
selected so that all cathode-follower K’s lie between
about 0.982 and 0.97. The latter figure has been used
in all the calculations, and the actual small variations
of K with load have been found to exert negligible
effect on the filter characteristics.

The circuit uses two augmented cathode followers.
Their output impedance is so low that variable loading
has no measurable effect on their X values. Values of K
greater than unity are achieved here by tapping down
the feedback line on the output cathode resistor.
Distortion is very low in the ACF circuits and, like
cathode followers, they produce no phase inversion.

It will be noted that in the cathode follower circuits,
the input shields are driven by the output. Since the
output is in phase with and almost equal to the input,
this technique reduces the effect of stray capacity to

ground and of capacity between shield and input very
appreciably. The minimum input resistance of the
filter is about®80 kilohms. It could be made much
greater by using a separate input isolation stage. The
output resistance is about 350 ohms. By placing an
ACF last, it could be reduced to about 5 ohms; it
was felt more desirable, however, to use the low ACF
output resistance to drive frequency-selective elements
instead of the output.

Figures 5 and 6 show two views of the filter exclusive
of power supply. It weighs six pounds, and it will be
noted that the six vacuum tubes are located on an
internal shock-mounted plate. Lettering is inscribed
directly on the front panel of polished aluminum which
is protected by a transparent plastic plate. A momen-

F16. 5. View of filter from the front.
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Fi16. 6. View of inside of filter from the back.

tary-off switch (not shown in the circuit diagram) is
located in the center of the front panel and is useful
for eliminating switching transients during very low
level work. Both the front and back side panels are
removable. The instrument draws 16 ma from the high
voltage supplies and requires about 9 w of heater power.

IV. PERFORMANCE

Before measuring the performance in detail, the two
ACF K values were adjusted to give the closest approxi-
mation to maximally flat or Butterworth response in
the neighborhood of all of the cutoff frequencies. In
spite of selecting the many resistance values to only two
or three percent tolerance, it was found that all cutoff
regions approximated ideal Butterworth response to
within 41 db and that many were much closer than
that to ideal. Only when several of the resistance
tolerances were off in the same direction did as much
as a 1-db deviation above or helow ideal response occur.
In the majority of the cases, resistance deviations in
opposite directions canceled out.

The input-output voltage transfer ratio of the low-
pass section was found to be 1.33 while that of the high-
pass section was 1.26, making the voltage amplification
ratio of both sections in series 1.68, or 4.5 “db.” These
results apply for all positions of the low-pass section
but are slightly altered for the f>100 position of the
high-pass section. There, the high-pass voltage transfer
ratio is reduced by 4 db compared to the fX1 and fX10
positions. This reduction is independent of cutoff
position (resistance values) and arises from unavoidable
stray capacitance to ground. The effect could have been
reduced or eliminated entirely by making all high-pass
capacitance values ten times larger and all resistance
values ten times smaller. This reduction in impedance
level would have caused appreciable change in cathode
follower K’s with cutoff position, however, because of
the increased loading and would have necessitated
replacement of these cathode followers by ACFKF’s if
no change of high-pass voltage transfer ratio and
corner shape with cutoff position were required. The

ROSS MACDONALD

impedance level is similarly high in the low-pass
section, but voltage amplification reduction in the
fX100 position can be eliminated since the important
stray capacitance is there in parallel with the frequency-
determining capacitances. By using variable trimmer
capacitances in the fX100 position, the values of all
Cy, C1, and C, capacitances can be set once and for all
to their correct values, including stray capacitance
effects, to yield Butterworth response.

Typical amplitude and phase characteristics for two
different settings of the filter are shown in Fig. 7.
Because of unavoidable harmonic distortion in the
oscillator used, the high-pass amplitude characteristic
with fgp=1070 cps, frp=20000 cps had to be
measured with a wave analyzer. The low-pass charac-
teristic could be measured with either the wave analyzer
or a wide-band ac voltmeter. Phase was measured
using a Technology Instrument Corporation Type
320 A phasemeter. The intrinsic noise output of the
filter set for maximum band pass (fup=16 cps, frr
=20 000 cps) was less than 100 gwv rms measured with
a voltmeter of wider band width.

The residual 6 db/octave slope in the low-pass
characteristic of Fig. 7 arises from feedthrough. It is
relatively independent of cutoff value within a decade
but depends directly on the size of the capacitances in
the low-pass section. In the fX10 position shown,
this limiting slope begins at an attenuation of about
85 db. For the X100 position it begins at about 65
db attenuation, and for the fX1 it appears at approxi-
mately 105 db attenuation provided the signal level
still exceeds the noise level. These results suggest that
if the impedance level in the low-pass section were
reduced by making all frequency-determining capaci-
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F16. 7. Typical amplitude and phase characteristics.
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tors larger and all resistors smaller by a factor of ten,
ane could achieve an appreciably increased region of
attenuation of 42 db/octave slope in the /X100 and
fX10 positions. For most practical purposes, however,
the present attenuations are quite adequate.

The amplitude response curves of Fig. 7 are within
better than 1 db of ideal Butterworth response over
their entire regions until the final high-attenuation
curvature sets in. Since the attenuation at cutoff should
be 3 db, when hoth low-pass and high-pass sections are
set to the same cutoff frequency the combined attenua-
tion should be 6 db at the peak of the resulting inverted
V characteristic. In the large majority of cases, the
attenuation is 6 db 1 db; in a few cases, the deviation
may be as large as 4-2 db. This is a stringent test of
both the shapes of the attenuation curves near cutoff
and the correspondence of the actual and calculated
cutoff frequencies. Direct measurement shows that all
cutoff frequencies agree within 3%, with their calcu-
lated values and many are appreciably closer.

The upper dashed phase curve of Fig. 7 is associated
with the low-pass amplitude curve. It approaches a
high-frequency limiting value of 560 degrees, while the
lower phase curve approaches a value of —560 degrees.
These phase shifts are quite appreciable. J. Moir and
others have shown,! however, that tremendous phase
shifts are required to cause audible effects. For example,
phase shifts of about 23 000 degrees at 8 kcps and
2500 degrees at 100 cps were found necessary. Using an
all-pass phase-shifting network, Moir found that there
was no audible difference between ordinary square
waves and square waves whose harmonic components
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F16. 8. Intermodulation distortion versus output voltage for
two different heater voltages.

4 J. Moir, Wireless World 62, 165-168 (1956).
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F16. 9. Intermodulation and harmonic distortion
versus heater vollage.

were so shifted in phase as to cause large peaking at
the rise and fall points. We may thus conclude that
the present phase shifts will not be of audible
consequence.

It has already been mentioned that when fgp and
fip are set equal, the resulting characteristic is an
inverted V with 42 db/octave side slopes. When the
high and low-pass cutoffs are separated by one step,
the top of the characteristic is more rounded and is
about 1.2 db under the normal transmission of the
filter. With two or more steps between high- and
low-pass settings, the top of the band-pass charac-
teristic is not reduced compared with the normal
transmission, and it shows a definite flat portion with
three or more steps of separation.

The dynamic range of the filter is very great. Because
of the use of cathode followers and ACF circuits, it
will handle an output of more than 50 v rms without
appreciable distortion. The total dynamic range
therefore exceeds 110 db. Having no inductors, the
filter is not susceptible to hum pickup from magnetic
fields.

Figure 8 shows the measured intermodulation
distortion of the filter for two different heater voltages
applied to all tubes. The distortion is naturally some-
what higher if any of the measuring frequencies are
very close to cutoff. The interesting effect of heater
voltage in reducing distortion is clarified in Fig. 9.
It was difficult to measure the small harmonic distortion
voltages for a fundamental output voltage much
below 40 v rms. The measurements shown in Fig. 9
show, however, that the third harmonic distortion is
virtually independent of heater voltage (or current)
until such low voltages are reached that cathode
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F16. 10. Step-function response of low-pass, seventh-order Butterworth filter.

emission drops very rapidly. Similarly, the fundamental
component is independent of heater-voltage until this
level is reached. On the other hand, the second harmonic
goes virtually to zero just before the point is reached
where the emission drops quickly. Since the second
harmonic is the major harmonic component at the
lower output voltages, Figs. 8 and 9 show that the
intermodulation distortion is also appreciably reduced
at the lower outputs by reducing the heater voltage to
the region where second-harmonic distortion is negli-
gible. This conclusion is also borne out by the different
slopes of the two curves of Fig. 8. It should be men-
tioned that the low distortion values shown in Figs. 8
and 9 are also contingent on proper selection of the
positive and negative supply voltages.

Second-harmonic cancellation of the above form
arises from a dependence of the input-output transfer
characteristics of the various tubes of the filter on
cathode temperature. At a certain temperature, the
curvatures of these characteristics are apparently just
right to yield a combined characteristic with no second-
order harmonic-generating components over quite a
wide dynamic range. Since the specifications of the
filter are improved by operation with 3.5-3.8 v on the
heaters, it is normally run in this condition. Besides
reducing the required heater power by more than three
times, this reduction in heater voltage very greatly
extends the life of the heaters and cathodes of the tubes
in the filter.

The transient response of the low-pass section of the
filter, A(#), for a unit step voltage input has been
calculated and the method used is outlined in Appendix
I1. The result of the calculation is plotted in terms of the
variable r=wy in Fig. 10. It will be noted that the

filter exhibits an overshoot of about 15% and damped
oscillation. Square-wave measurements on the present
filter yield results which agree excellently with Fig. 10.
The overshoot and damped oscillation are necessary
concomitants of the sharp cutoff slope of the filter
as long as it remains a minimum-phase device. This
requirement might be relaxed by adding an all-pass
section to the filter which could be designed to so
reduce the phase shift in the region 0<f<3fLp that
negligible transient distortion would result. Due to the
complexity of such a circuit, however, it is not practical
in a small filter with a large number of cutoff frequencies.
Corrington® has approached the problem by placing
traps tuned to frequencies above cutoff in series with a
low-pass filter. Although these traps can virtually
eliminate overshoot and ringing, they also seem to
reduce the attenuation slope past cutoff. In a filter
with a number of cutoffs, their element values would
have to be varied with cutoff frequency.

In the present filter, the use of trimmer capacitors
in the f>X100 low-pass range allows the response of the
filter to be easily altered for this range. When the capaci-
tors are adjusted for perfect square-wave response,
it is found, as expected, that the roll-off of the filter
is much slower than the maximally-flat characteristic
and that much more attenuation occurs in the region
of cutoff. The results of Moir already cited on square-
wave phase distortion suggest that the overshoot and
ringing occurring with minimum phase Butterworth
response will not lead to perceptible or at least ap-
preciable audible consequences.

§M. S. Corrington, Proc. Natl. Elect. Conf. 10, 207-216
(1954).
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APPENDIX I

Given the absolute value of the transfer ratio
S@w)| =[14+w"T*, we wish to derive the corre-
sponding ratio itself written as a function of the
complex frequency variable, p. We have

|S(w) |2 =[S (P)S(p*) I '=1+cM

= (1) fI (P —eiCm10) (2 p—iCam—10)
= (w?4-1) f_[ [1—2u? cos(2m—1)04-w*]

— (1—iw)(1+4iw) TT [(1= )+ 2iw cosm]
- [(1— ) —2iw cosmb]
= (1+p)(1+9) IT [(1+#9-+2p cosma]
X [ (14 p*2)+2p* cosmb],
where 8=x/7, the seventh roots of unity have been

obtained from De Moivre’s theorem, simple trigo-
nometric manipulations have been omitted, and, in the

AQ)=1—c f-[, (1) (1+pa) T

final step, p has been substituted for iw and p*, its
complex conjugate, for —iw. By inspection, we may
now write

S(#)=L(1+$) (142p cost+?)
X (142p cos26+ %) (1+2p cos36+p9) T,

and, if we let d,=2 cosmd=2 cos(wm/7), the result
given in the body of the paper is obtained.

APPENDIX II

We wish to calculate the transient response of a
seventh-order Butterworth filter to a unit step function
of voltage applied at the input at ¢=0. The resulting
output® is the inverse Laplace transform of S(p)/,
which can be written from Appendix I as

S@)/p=L ro (p=put) (p— o) T,

where pet=0, pi=—1, and for m>Q pnt=—¢ims
with §==/7.

The inverse Laplace transform A(f) of S(p)/p is
found to be

+ep(pitd[(pr—p) IL (pit=p")(pct =)
+esppril(pr—p) 1L (p=pa) (o =)
+exp(p O (pst—p17) w_IoI (s — pu?) (Pt —pu) T
+exp(ps DL (ps— ) MLI,I,, (b —pn?) (P — pu ) ™

+exp(pt)L(pst— i) "I_g (ps— o) (pit— ) T

Since p,,~ is the complex conjugate on p.t and vice
versa for m>Q, the third and fourth, fifth and sixth,
and seventh and eighth, terms are complex conjugates.
The ahove result can, after considerable manipulation,
be simplified to

A() =1—e[64alasB2 T — et sinfyt[ 3200581285
+ 722 cosBat[ 32a1a005%3182 1 +e ¢ sinByt
X [32c1000:8:8:85 17,

where apn=dn/2=cosmf, 8,=sinmd. If we now abandon
the restriction we=1, let {—wy=r, and evaluate the

+exp(ps )L (p~—p5%) .E; (o5~ pm®) (P — P ) 1

terms, we obtain

A(7)=1—4.31204¢—"— 6.87748¢~0-%095 5in (0.4338841)
+3.31204¢70- 823439 ¢05(0.7818337)
+0.755938¢-0-22818r 5i (0.9749297),

where the numbers are expected to be correct to at least
four decimal places. A similar but less accurate result
given by Wallman was discovered already worked out
by a different method” after the above work was

6 J. R. Macdonald and M. K. Brachman, Revs. Madern Phys.
28, 393422 (1956).

1G. E. Valley, Jr., and H. Wallman, Vacuum Tubs Amplifiers
(Mc(z}mw-Hill Book Company, Inc., New York, 1948), pp.
282-284.



1356 I.

completed. Wallman’s result contains a very small term
involving sin(0.7818337) for which there is no theo-
retical justification. It arises because he calculated
the impulse response B(r) and obtained 4 (r) from it
by integration. B(r) may be calculated from the present
value of A (7) by differentiation, using

dA(7)
B(r)=A0)(n)+ PR

T
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The result obtained is in good agreement with Wall-
man’s expression.

A test of the accuracy of the present value is given
by the relations 4(0)=B(0)=0 which theoretically
hold for the present situation. The numerical expression
for A(r) gives exactly A4(0)=0 and one finds that it
leads to B(0)=—2X10"%, confirming that the result
for A(7) is correct to at least four decimal places.
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Microphones using barium titanate disk ceramics in conjunction with a split-tube diaphragm have been
designed and constructed. Frequency response measurements were obtained by use of reciprocity techniques

and by comparison with a known standard.

Sensitivities from —86 to —88 db referred to one volt per dyne per square centimeter, were obtained with
a frequency response of plus or minus one db from 10 cycles to 30 kilocycles. The rugged construction and
high stiffness of the microphone make it adaptable for use in high sound pressures, and for sound measure-

ment in liquids.

The paper discusses theoretical relations pertinent to the development, describes the construction, and
presents performance data of the microphone and associated electronic equipment.

N the selection of a standard laboratory microphone,
small size was desirable as well as features which
would permit use of the microphone in media where
static pressures greater than one atmosphere may be
encountered. Also, it was desirable to have the micro-
phone fairly rugged. The output level of the microphone
need not be high, but the threshold sensitivity (mini-
mum detectable sound pressure) must be as low as
possible. It was desirable to have a microphone which
was usable from 20 cycles up to well within the ultra-
sonic range, although the response need not be
absolutely “flat” within this range.

Two basic types of generating systems were con-
sidered, the velocity type and the displacement type.
Velocity systems, of which the popular dynamic
microphone is representative, produce voltages which
depend on the velocity of the diaphragm or member
which is exposed to the sound pressure being measured.
The velocity of the diaphragm will then be proportional
to the force which actuates it, or the pressure imposed
upon it, and inversely proportional to the mechanical
impedance of the diaphragm. If the applied pressure
varies sinusoidally, as is the case for sound pressure,
one will find that the magnitude of the diaphragm
velocity, hence the rms voltage output, will vary with
frequency if the mechanical impedance varies. Since
the velocity microphone diaphragm generally has mass,
compliance, and resistance, one can expect a mechanical
impedance, and therefore output voltage, which will

vary with frequency in some manner. In an effort to
keep the frequency response of velocity devices constant
and output level high, masses have been made smaller,
and compliances have been made larger, so that the
mechanical impedance of the diaphragm will approach
a pure resistive condition, without changing the
diaphiagm resonance frequency or mechanical
resistance.

The resultant high compliance of the velocity device,
however, is not a most desirable factor where high
static pressures are expected, for the static excursion
of the diaphragm may carry it into a nonlinear region,
and produce distortion in the sound-pressure voltage
output. Some sort of pressure equalization device
would be needed to approach the fulfillment of the
requirements described at the beginning of this article.

The frequency range of operation of velocity devices
employing diaphragms must extend upward from the
fundamental resonant frequency of the diaphragm.
Below this point, the diaphragm mechanical compliance
(taking into account the acoustical compliance as-
sociated with the diaphragm) eventually becomes the
determining factor in the mechanical impedance, thus
resulting in a voltage output which drops as the fre-
quency is decreased. Above the resonant frequency, the
mass associated with the diaphragm becomes pre-
dominant ; however, a considerable amount of this mass
is contributed by the acoustical load on the diaphragm,
which becomes more resistive as the frequency is



