1960

and

de (1 —a cos OV cos n0d0, 2 >0. (10)
0

2

Comparison of (2) and (8) as well as (6) and
(10) shows that if

C./Ca = fla, n, v) (11a)
1l{cr1

Qu/Qu = flay n, v+ — 1). (11b)

GENERAL VALUES OF »

With
2a

b= 12
|+« (12)

some changes in the integration variables
allow (6) to be written

7Cd(—1 f*’ cos 2nf3 a3
0

(1 +a)w (1 — k?sin?f3)*

Note that 1>£>0 for | >a>0. Expansion
of the denominator in (13) yields known in-
tegrals,? and there results, after some ma-
nipulation,

C.= Z P(r, n)

(v, r)k¥, n 20, (14)

(l + ) van
with
Plrn) = [re + D) 1)
'+ 1 =)l 4+ 14 n)
and
o r)= U(v+r) T(r+1/2) 1 (16)

I'(v) (1/2) 1

where I'(z) 1s the gamma function. Note that
the summation in (14) starts with the r=n
term since all prior terms are zero. Also,
Ca>0for n20.

From (11) it is evident that

= Qu(l + )™ 2 Plr,m)T(v — 1, r)k¥,

Fosnt

w20 (17)

Here with Qs negative, Qo <0. and @,>0
for n > 1.

Direct integration of (6) in terms of
known functions is possible; with

o= (18)
{42
there results
T(n+v)

= Xy
G= (Ao L)+ 1)

WP, +rin+15,0C, w20, (19)

where . Fi(a, b: ¢; ) is the hypergeometric
function.®* Note 1 >1>0 for | >a>0. Since®

Fivon vy n+ 1 x)

T DI = ) 1 an
T EDTe (0 — v ) (I —xr dre
. [(] — )R, s l;x)]. 20)

W Afagnus and IF. Oberhettinger, “Formulasand
Thcnr(‘m: {or the Sp((ml Functions of \Ialhemallcal
Physics,” Chelsea Publishing Co., New York, N. V.
D. 5: 1949,

VIbid, po 1t

Correspondence

Cn can be obtained from €, with x=¢ in
(20). Also, the use of

(1 + 02 F (v, v; 1,13 = 2P\ (v, 1/2;1; k%) 4 (21)

in (19) and (20) establishes the equivalence
of C. given by (19) and (14). The expression
for €y in terms of the hypergeometric func-
tion has, aside from its intrinsic interest, the
advantage that various transformations, re-
cursion formulas, and identities are avail-
able. For example, with £2 near 1, (14) is
slowly convergent, but the equivalence of
(14) and (19) enables a highly convergent
series 1n 1 —4&? to be obtained easily.* Also
from (19) and (20) and other hyvpergeometric
function relationships, it can be shown that

Cope = = ————

()l—v+2)

The hypergeometric function involved in
Co can be expressed as a fractional-order
Legendre function; thus®

oIy (v, v; |;tanh? 1)
2
= (Cos.h2 —12‘~> ®_,(cosh n), (23)

where ¢=tanh u/2, but no useful tables of
these functions seem to be available.
From (11) and (19) it is clear that

r
.= (1 -y 27~ 1
0 =+ Py — D'k + 1)
ISTCR WIS R T S R LT
n>0, (29)

and that the relationships noted in (20)-(23)
relating to C. apply cqually well to @, with
the substitution indicated in (11).

Tiie CaSE OF y=14

In this important special case, evaluation
results in terms of the tabulated complete
elliptic integrals from (21)¢ or from (13).7
Thus,

2Cy
(1 + o) it

4C
Ci=Com — |l = (1 = EYK], (20)
(1 4 a)V2rk?

etc. K and I are the complete elliptic in-
tegrals of the first and second kind, respee-
uvely, with modulus .

Similarly?®

2Q.
Qo = —Q*l(l+ N (27)

40y
A e

(0= 2nE+ K0 - 1), (28

G =

K, (23)

G

(1 + a)rs

i

ctc.

The transmission phase shift in a para-
metric amplifier can be dependent on G
The influence of the amplitude of the pump

¢ Ibid., p. 9.

8 1bid.. p. 56.

e Ibid., p. 10,

T P.F, Byrd and M. F. Friedman, "Handbook of
Elliptic Integrals for Engineers and Physiciste,
Springer-Verlag, Retlin, Germimy, pp. 192-193: 1954

8 [bid., p. 194, The inmegrals invalved here G be
obtained by Jdifferentiating with recpect (o k.
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voltage, Vo, on this parameter as derived
from (25) is given by

aC, C 1 I
S . ':1 —— _] (29)
aV, 217, 1 —a K

After completion of the above analysis
and preparation of this note, it was bronght
to our attention that related work had al-
ready appeared in the document literature.®
However, appearance of the independent
work reported here still seems worthwhile.
It not only calls more widespread and de-
served attention to the prior work but alko
points out the unificd and generilized re-
sults which accrue from the fact, apparently
not previously noted, that the capacitance
and charge coeflicients can be expressed in
terms of the hypergcometric function,
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R. D, WrGLiiN
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Iughes Aireraft Co,
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v D. [. Breitzer, R, Gardner, §. C. Greene, ' 12,
Lombardo, B. Sulzberg, 15, W, Sard, and K, Siegel,
“Quarterly Progress Keports, Application of Semi.
conductor Diodes to Low-Noise Amplitiers, Harmanic
Generators, and IFast-Acting TR Switches,” Anborne
Instruments Lab., Huntington, Long Island, N. Y.,
Rept. 4589-M.1, Appendix 1V, September, 1958
Rept, 4589-1.4, Appendix £, June 1959; Contract
AT 30(002)-1854,

Space-Charge Capacitors for Para-
metric Amplifiers*

In paranietric amplifiers, which depend
upon the voltage-sensitive nonlinearity of a
reactive clement for their action, 3t is de-
sirable that such nonlincarity be as Lrge as
possible over the voltage range of interest.
In addition, low-noise and high-frequency
response  require mimimum in-phase (re-
ststive) losses in the reactive clement.! In
view of the great current interest in pari-
metric amplifiers, a short summary of some
of the work on space-charge capacitors perti-
nent to their use as varactors is presentel
below.

Some time ago, the author investigated
in detail the capacitance behavior of certain
semiconductor  space-clurge  regions near
hlocking electrodes?™ and pointed out® tha
such systems should be useful for parametric

2 Received by the TRIL, Tanuary 29, 19640,

AW K. Danilan, [/n noise in salid St pata
metric .nmlxhtr« at microwave 1noquences,” Jo b ppl
Phys., vol. 30, pp. 815 Tanuary, 1989,

LR Macdanald and MK Brachman, “lxact
solution of the Deliyve Huckel rquatinn- faf a0 polar
zed electrode,” S0 Chem. Phys, vl 22, pp. 1314
1316 Angiust, 1953,

LR Macdanadd | mSttic spoeearge effects in
the diftise donble Lover,” g0 Chem. Phys, volo 22,
pn. 13N 7122 Ngeasr, 1988,

vl RO Macdanald, cThe arothe et
capi |<1l ince of the (hmhl( Liyer in anud-orled electro.
Iytes,” J. Chem. Phiys. voll 22, D, 1887 1866, No-
vember, 1058,

=10 R Maedanald, *Sratie pare rh.n:" and ¢a-
pacitance for a single hlewking electrode,” J. Chem.
Phys.. vol. 290 po. 1346 1358 Decernlyr, 1958,

1RO Nuedangld, “Seatic space chutse and e
pacitance for twn block clectroddes,” . Chem.
Phys., vol 30, pp. 8068160 March, 1989,




1484

amplificrs since they may yield exponential
dependence of capacitance on applied volt-
age as well as low resistance losses. In the
carlier work, ™4 the situation was considered
where mobile charge of both signs is blocked
(no transfer of charge carriers between the
charge-containing material and the metallic
clectrodes) at one or two electrodes, and an
essentially exponentially increasing depeud-
ence of differential capacitance on applied
bias voltage was obtained. Here, charges of
Loth signs are mobile, and the capacitance
increases for either sign of the applied volt-
age because for either sign an accumulation
layer of excess charge (space-charge) forms
i the region of the blocking clectrode(s).
This sttuation applies to the case of intrinsic
senniconduction in a solid or to a completely
dissociated univalent electrolyte.

Later, the case was considered where
charge of only one sign is mobile; the charge
carriersare blocked at one? or twot electrodes;
and mobile charge can recombine to anv de-
gree with fxed charge of opposite sign arising
from the dissociation or jonization of neutral
centers distributed uniformly throughout
the material. This situation correspoudls to
photoconduction in insulators {c.¢.. F-cen-
teredd alkali-halide erystals) or to extrinsic
semiconduction in materials  sufficiently
doped or with a large enough bandgap that
the effects of mobile minority charge car-
riers may be neglected. In the case of com-
plete dissociation, where the recombination
paramicter R is zero, the situation is essen-
tally that treated by Schottky? and Spenke®
in their theory of rectification. This theory
was apphed to such systems as copper-
oxide and selenium rectifiers which show par-
tial (noninfinite barrier height) blocking at
a metallic electrode.

The capacitance behavior of a system
with only negative charges mobile, but
blocked at one electrode,® is shown in Fig. |1
for difierent degrees of recombination R.
Here Cois the differential capacitance, and
Ca 15 its vatue in the Jimit of zero potentiat
difference across the space-charge region.
IFor a positive potential difference across the
space-charge region, cessentially exponen-
tiadly increasing capacitance is obtained no
matter what the value of R since a negative
space-charge accumulation fayer is set up at
the blocking clectrode. On the other hand, a
negative potential difference yields a charge
depletion laver for R=0 whose capacitance
eventually decreases as the inverse square
root of the bins voltage. For large R, how-
ever, recombination essentially mobilizes the
immobile charge, and again an exponentially
increasing  capacitance can ocecur for a
lhmited voltage range.

Beeause it 1s not easy and is sometimes
impossible to produce an electrode-solid in-
terface which approximates well to ideal
blocking behavior over an appreciable ap-
plicd voltage range. the effect of an artificial
blocking laver was also considered in detail
in the carlier work.?® Here, the charge-con-
taining material is abutted by an essentially
charge-free region between it and a metallic

1AW, Schottky, '\'mvinl’m‘h!o und ernweiterte
Theotie der R.’\ndschi«‘hlgl(‘ivhn!'h(vr,’ Zeits. fiir
v5. vol. 118, pp. 539-592; September-October,

* 1. Epenke, *Zur Randschichtiheorie der Trock-
engleichrichuer,” Zeits. fir Phys. vol. 126, pp. 67-83;
January-February, 1949,
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clectrode. Such a region can be produced by gion are inversely proportionai to their re A
an oxide layer on the material or by the in-">, : spective capacitances, and the space-charge tr
terposition of a thin insulating layer of such - capacitance is a nonlinear function of the po-
material as mica or mylar. If this charge-free  tential across it, a transcendental equation
region is sufficiently thin, its capacitance,”; - must be solved to obtain the final depend- pl
which is essentially in series with any space- ¢ cnce of Ce on over-all applied potential? The s¢
charge capacitance, may be much larger ini- * 'solution of such an equution can be avoided, ac
tially than the latter, and a considerable ™ however,”il. the potential across the space: w;
range of exponential over-all capacitancein-  charge:layer is taken as the main variable by
crease may still be possible. Fig. 2 shows the and the over-all applied potential derived In
calculated behavior for different values of the from it. This situation has nor been well a
ratio C./Cs.., where C.,, is the capacitance of be
the charge-free layer and Cc is the combined fig
capacitance of C¢ and C.r. Note especially . *On using (he condition that (he charge in e
. initial layer is equal to that in the space-clirge region
that the value of C,/C... determines the po- (f.c.. no discontinuity in the normal component of
tential range over which the effect of the dielectric displacement at the inferiace between the
. — regions), one sees that the static (not differental)
space-charge capacitance 1s nmportant. Be- gapaqimnce of the space-churge region must be ustd ch
cause the potential across the charge-free  In this equatjon. Note that the potential variable i [o¥

region and that across the space-charge re-

]7igs_- I and 2 includes in i!. the contribution of any
“built-in” or barrier potential.

xz
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appreciated 1 the past, but was discussed as
carly as 1934 in the case of charges of both
signs mobile.?

A capacitor made up of a plate of n-type
silicon with an oxide layer covered by a me-
tallic contact on one side and either the same
situation or an ochmic contact on the other
side may possibly be a good realization of the
state of affairs discussed above. Such a ca-
pacitor has been under investigation in a
number of laboratories for some tinie. Be-
cause an oxide or other intermediate laver
may be made essentially charge-free with
corsequent very low condoetion, the re-
sistive losses of the over-all device may, 1n
principle, be considerably lower than those
of a p-n diode, especially in regions where ex-
ponential capacitance variation may be ob-
tained. Terman!® has, in fact, found a change
in over-ali capacitance as high as 10:1 for a
two-volt bias change. This change seems to
be largely an exhaustion decrease rather
than an accumulation increase in capaci-
tance, but Dewald’ has apparently ob-
served such an increase for zinc oxide in con-
tact with an electrolyte, a blocking-electrode
situation. Wallmark!? has suggested the use
of an oxide layer device to yield improved
gate control of a field effect transistor. Re-
cently, Plannand Garretthave also discussed
the properties of such systems in a quali-
tative way and have pointed out some of the
frequency-response characteristics of these
space-charge devices.!?

J. Ross MACDONALD
Central Res. Labs.
Texas [astruments

Dallas, Texas

" L. Terman, “Silicon Oxide Capacitors,” Solid-
State Elcctronies Lab., Stanford University, Stun-
ford, Calif., (.onaohdulnd Quarterly Status Rept,
No. 4, pp. 20~ 27, July 1 to September 30, 1959. See
ako J. L. Moll, “Variable capacitance with large ca-
pacity change,” 1939 IRE \WESCON CONVENTION
Recorp. pt. 3, pp. 32-36.

W ), F. Dewald, “The charge nr\d polential distri-
butions at the zinc oxide electrode,” Bell Sys. Tech. J.;
1o be published.

). T. Wallmark, U. 8. Patent No. 2900531,
August 18, 1959,

AV G Plann and C. G. B. Garreut, “Semiconduc-
tor varactors using suriace space-charge layers,”
Proc. [RE. vol. 47, pp. 2011-2012; November, 1959,

An Electrostatically Focused Elec-
tron Beam Parametric Amplifier*

Electron beam parametric amplifiers em-
ploying magnetic focusing have been de-
scribed.?-? In one of these devices,! gain is
achieved by pumping the fast space charge
wave. In the other device,? gain is achieved
by pumping the fast cyclotron wave. Thus,
in the latter device, the magnetic field plays
a vital role in addition to that of focusing the
beam. The clectron beam parametric ampli-
fier which is proposed here employs electro-

* Received by the IRE, January 28, 1960.

VA, Ashkin, “Parametric amplification of space
charge waves. " J. Appl. Phys., vol. 29, pp. 1646-1651;
December, 1958,

1 K. Adler, 6. Hrbek. and G. Wade, “The fuad-
rupole amplifier, a low-noize parametric device,”
Proc. IRE, vol, 47, pp. 1713-1723: October, 1959.

Correspondence

static focusing of an electron sheet beam and
achieves gain by pumping the fast wave of
the natural resonant electron frequency as-
sociated with the electrostatic focusing
fields.

Consider a sheet beam which passes be-
tween a series of pairs of identical planar
plates at alternate dc voltages Vi and V,
(see Fig. 1). The voltage difference between
adjacent pairs of plates forms an electro-
static field which acts to focus the beam by
creating a time average restoring force, ac-
celerating the electrons towards the plane
midway between the plates.® The clectrons
in such a focusing system have a natural
transverse resonant frequency fo first de-
scribed by Adler.® A morc exact expression
for f.is*

£, = 0.187 X 108 (i> VT
a

* 1 12
. P 1
[ ,;..1.3% cosh? (mrd/2a):| o 0
where

Vo=the space average beam voltage

a=the periodicity of the focusing plates
(Fig. 1), and

d=the separation between opposing
plate pairs (Fig. 1).

In both (1) and (2), all terms are expressed
in mks units.

LicTRon isoaring 1o atina xecreat
un rc o section
i Ut J l outeyt
&f canL counta uvr _couner rcon
SLounoe L A

=1/

Ug P Ea Ed
ek

Uj

ccreron

{;TH

vorus BPLLS
| wer ruve

i)

S5 choxe |

€LrcTRos
SHELt BCAw

Pusm suLL OUTRY
LONACPLUS v,

USH PULL INPUT
SENAL YLUS ¥

Fig. 1—A simplified drawing of an clectrostatically
focused parametric amplifier.

The meaus by which parametric amplifi-
cation is achieved in this electrostatically
focused system can be most simply described
by dividing the plates into three groups with
respect to Ri: the input coupler. the pump,
and the output coupler (Iig. 1). The plates
of the tput coupler are connected so that
they forim the capacitance of a tank circuit,
wherein all of the plates on each side of the
beam are at the same REF potential. The
tank circtiit should be designed to resonate
at approximately the frequency of the signal
to be amplified, f.. The output coupler is
identical to the input coupler. The leads for
the input and output signals are tapped off

1 R. Adler, O. M. Krombout, and P. A. Clavier,
“Resonant behavior of electron beams in {)criodicnlly
focused tubes for transverse signul fields,” Proc. IRE,
vol. 43, pp. 339-3.41: March, 1955,

AV, E, Waters, “Periodic focusing of thin electron
shect beams,” DOFL Tech. Rev.. vol. 2, pp. 1-25;
July, 1959,
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the RE cotls (Fig. 1) to effect a transformer
action which reduces the mismatch between
the resistive loading of the coupler® and the
characteristic impedance of the transmission
line. Balanced input and output arrange-
ments are shown; however, an unbalanced
system could also be used.

The theory of Cuccia applies to the input
and output couplers. Thus, il fi=/f,, and il
the Cuccia equation’ is satisfied, all of the
energy introduced across the plates of the
input coupler will be transferred to the sheet
beam traveling through the coupler plates in
the forny of a transverse oscillatory motion
of the beam. Sinmultancously, the inherent
noise will be stripped off the beam. The out-
put coupler perforins the inverse function of
the input coupler; 7.c., it acts to convert the
transverse motion of the sheet beam enter-
ing the coupler inutoan R signal in the load
connected to the output coupler.

Gain is achieved by increasing the ampli-
tude of the transverse oscillation of the clec-
tron sheet beam as it travels from the input
coupler to the output coupler. This increase
is accomplished in the pumping scction by
superimposing a frequency of approximately
twice the electron resonant frequency on

-both voltages Viand Vzin a push-pull man-

ner, as shown in Fig. 1. It may also be possi-
ble to achieve satisfuctory pumping by
modulating only one of these two voltages
and kecping the other one constant. The
modulation of the focusing voltages varies
the restoring force acting on the electron
beam. The increase of amplitude of the
transverse oscillation of the clectron bheam is
achieved in a manner analogous to the build-
ing up of the amplitude of oscitlation of a
pendulum by varying cither the restoring
force or the length of the pendulum at
exactly twice its natural resonant frequency.®
In direct comparison with this pendulum

- model, and assuming the pumping signal is

properly synchronized with respect (o fo, the
gain will vary as ¢/ where ol is given by

ol = 2 2)

g

and where

L =the length of the pump,
af. = the peak variation of /. due to punip-
ing,
us =the average beam velocity.

If fi22f, but f.#f., an idler frequency cqual
to the difference between the pump and «ig-
nal frequencies will also be present on the
beam as it feaves the pumping section. -
der this condition,? the gain of the signal fre-
quency will vary as cosh? oL, and the gain of
the idler frequency will vary as sinh*al.. The
value of Af, corresponding to the peak valuex
of the applied pumping voltages may be de-
termined from (1). There is o limit to the
amplitude of the pumping signal that may be
applied to the clectrostatically focused para-
metric amplifier. The applicd pumping volt-
ages must be limited to that range over

8 C. L. Cuccia, “Thr electron coupler—a develop-
memntal tube for amplitude modalation and power
control at ultrachigh frequencies,” RCA Rer., vol. 10,
p. 278 (18): June, 1949,

¢ G Wade and RUAdIer, “ A new method for pump
ing a fast space-charge wave, 7. Proc. [RE, vol.
pp. 79-80: January, 1939,




