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The experiment of Winnick and Cho on centrifuged water under inhomogeneous positive and negative
pressure is re-examined. Several deficiencies in the data and analysis method are identified and corrected.
A new, more complete theory of the experiment is derived and used to analyze corrected 20°C centrifuge
data. From analysis of ordinary positive-pressure PV water data, it is established that best 20°C values
of Ko, the bulk modulus at the vapor pressure of water, and K¢, the bulk modulus pressure derivative,
are about 21 800 bar and 5.2, respectively. Least squares analysis of the Winnick-Cho data, on the other
hand, shows that no meaningful estimate of Ko’ can be obtained and that the R, values derived are from
about 119 to about 189, higher than the above expected value, depending on the detailed analysis ap-
proach. These unexpectedly large values of Ko appear to be highly statistically significant. It is concluded
that they most probably arise from remaining systematic errors in the data, rather than from a still in-
adequate fitting equation or from significant differences in water properties on going from the positive
pressure region to the low negative pressure region between zero and about —75 bar covered by the Winnick-~

Cho data.

1. INTRODUCTION

By means of an ingenious ultracentrifuge experiment,
Winnick and Chot (abbreviated hereafter as WC) have
observed the inhomogeneous expansion of water under
negative pressure. They state that theirs is the first
successful investigation which measures the volume
expansion of a liquid under negative pressure. Un-
fortunately, the negative pressure produced in their
experiment and the resulting density decrease are
continuous functions of position in the rotating capillary
tube used, and neither average nor maximum negative
pressures and density (or specific volume) changes
are reported. It therefore becomes moot whether
volume expansion has actually been measured by WC,
even though the effects of some expansion have cer-
tainly been observed. Further, the volume expansion of
a liquid under negative pressure has, in fact, been
previously directly measured.?3

The WC type of experiment is important, neverthe-
less, because of the light it may be able to shed on the
detailed behavior of water in the negative pressure
range if sufficiently high negative pressures may be
reached in such an experiment. Unfortunately, there are
defects in the WC data and detailed analysis which
largely invalidate their results. Several of these defects
will first be summarized here, then a more applicable
analysis will be developed and used to analyze cor-
rected WC data.

During my original analysis of the WC paper, I
found that its data led to implausible values of water
compressibility. When this result was communicated
to WC, they discovered that a calibration factor of
2,165 had been omitted from all their published data
and from the data in Cho’s thesis* (on which the
WC work was based). This omission, and the fact that
the published data were smoothed, have now been
acknowledged.’ .

In addition to the above problems, there seemed to

me to be several further reasons why the theory and
actual analysis of the experiment needed to be im-
proved. First, WC’s own analysis method is inaccurate
since it is not properly based on water mass conserva-
tion and, even more important, it does not include the
69,-109, effect of capillary tube deformation under
rotation. Next, WC did not consider the nonnegligible
effects of thermal expansion of capillary tubes over
their 5-35°C experimental range. Further, by using
the two-parameter Tait equation of state rather than
one more appropriate, WC unnecessarily complicated
their analysis and failed to recognize that the precision
of their data was only adequate to allow a single
meaningful equation of state parameter—the bulk
modulus or compressibility—to be estimated. In
addition, the Tait equation used by WC to analyze
outdated Amagat® PVT water data for the positive
pressure region is inappropriate for the pressure range
considered. Further, “Amagat” results were given for
25 and 35°C although Amagat presented no data at
these temperatures. Finally, WC gave no standard
deviations and quoted all their parameter estimates
to five places, making one wonder how many places
actually were significant.

II. THE POSITIVE PRESSURE REGION

A. High Pressure Range

The centrifuge experiment involves water under
both negative and positive pressures. Thus, to obtain
results for comparison with those of WC for the
positive-pressure region, I shall analyze the con-
ventional P-V water data of Kell and Whalley”
(abbreviated KW), which involve 27 points covering
the pressure range from about 5 bar to 1 kbar. Their data
for T=19.997°C will be used since WC give their own
main results for 20°C. The KW data set is certainly the
most precise currently available for water and is
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TasLE I. Results of C weighting, generalized least squares fitting of Kell-Whalley 19.997°C water data.”

Line Equation N sq Vs (emi/g) K, (bar) Ky ¥

1 Tait 27 3.76 1.00184942X 107 21 698+9 5.9340.02

2 3DGE 27 1.68 1.0018404-1<1076 21 7968 5.20+0.05 37.943.2
3 3DGE 9 1.33 1.001840 (F) 21 76715 7.064-0.37 —782493
4 2DGE 9 1.25 1.001840 (F) 21 79016 5.5140.40 ces

5 Tait 9 1.25 1.001840 (F) 21 79043 5.48+0.07

6 VQE 9 1.25 1.001840 (F) 21 793+14 5.3140.33

7 DQE 9 1.26 1.001840 (F) 21 792426 5.39-+0.63

probably also the most accurate as well.3 All equations
of state used herein are given in the Appendix.

Using Amagat’s 1893 data,’ covering the range from
1 to 10% atm, WC obtained 20°C positive-pressure Tait
parameter values of B¥=22790.4 bar and K+220.13041
cm®/g. The WC results and those herein have all been
calculated using the reference pressure P, which
appears in the equation of state, taken equal to the
saturated vapor pressure of water, Py. For T'=20°C,
Py=20.02338 bar.

The KW data, analyzed by applying weighted
nonlinear least squares to the usual Tait equation,
yields Vo= (1. 001849-+2X10-%) cm?/g, B+=(3133+
12) bar, and K*=(0.14462:0.0005) cm?/g. Here V,
is the specific volume at Po=Py, and standard devi-
ations are shown for each of the parameter estimates.
Note the considerable uncertainty in the present B*
and K+ parameter estimates, even though the excellent
KW data themselves are given to six places in specific
volume. These estimates were obtained using a newly
improved, generalized least squares procedure®® which
allows simultaneous weighting of both the dependent
and the independent variable to be employed. The
“C” weighting of an earlier analysis of 0°C KW data®
was used, since this weighting was there found to be
most appropriate for the data. It results in the squared
volume residuals contributing about 649, to the
final sum of squares and the squared pressure residuals
about 369; for the later results shown in lines 3-7
of Table I, the corresponding percentages were about
809 and 209,. Conventional constant weighting of
either pressure or specific volume values led to param-
eter estimates within a few standard deviations of those
above. All the least squares fitting of the present paper
was carried out using an IBM 360-85 computer in
double precision mode.

The differences between the WC and KW parameter
estimates are 30 standard deviations of the KW
estimates or more. Such large differences indicate the
certain presence of systematic errors, here in the
Amagat data and/or in the WC fitting procedure. It is
important to note, however, that the values of B*/K*
which follow from the two sets of estimates are nearly
the same. Since this ratio is very nearly proportional
to the physically significant, first-order parameter of
all equations of state, the reference-pressure bulk

modulus, it is not surprising that different fitting
results should yield close agreement for estimates of this
parameter.

Since WC also find, on analyzing their centrifuge ex-
periment, B~ and K~ parameter values quite close to
their above positive pressure results, it seems worth-
while to establish to what degree their anomalously
low values arise from inaccuracies in the Amagat data
or from the nonlinear regression fitting process they
used in analyzing these data. Therefore, I have carried
out an ordinary nonlinear least square fitting of the 20°C
Amagat data (with an obvious misprint corrected)
using the ordinary Tait equation with V,, B*, and
K* take as free parameters.

The Tait fitting of the Amagat 20°C data was per-
formed in the conventional way with ordinary (unity)
weighting of the squared specific volume residuals and
with the pressure values of the data taken as exact.
The standard deviation of fit obtained was 2.6X107°

cm?/g and Vo=(l. 0016254+9X10-%) cm¥/g, Bt=
(3052+28) bar, and K+=1(0.1408+0.0011) cm?/g.
Since these values differ scarcely more than three of
their own standard deviations from the above KW
data results, it appears that the WC data fitting
method itself primarily led to the relatively low values
of B+ and K+ these authors present.

It has already been pointed out® ! that the B and K
Tait parameters are not physically very meaningful
and that the Tait equation may be better written in
terms of the easily interpretable first and second order
parameters Ky and Ko'. When we define the ordinary
bulk modulus of the material as K=—V(3P/8V)r,
K, is the value of K (nof the WC K parameter) at p=
P—Py=0, and K/=(0K/3P)r o, 2 dimensionless
parameter usually from 3 to 10 in value. The 19.997°C
KW data lead to the C- weighting Tait-equation
parameter estimates shown in line 1 of Table I Of
course, Vo and the standard deviation of fit are exactly
the same as the above KW values found using B and
K parameters. Here s4 is the over-all standard deviation
of the fit. The mean of its distribution should be slightly
below unity for the correct model and proper weight-
ing. The considerably larger value here indicates the
likelihood of a poor fit. The quantity NV is the number
of data point pairs.

WC were evidently unaware that the usual Tait
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equation itself, when applied to modern water data
covering a pressure range of several hundred bars or
more, leads to a much worse fit than do some higher-
order equations of state which involve more free
parameters than does the Tait equation® For example,
the Tait equation fit yields strong systematic errors
in the residuals obtained from the fitting of either
KW or Amagat data. Such systematic errors, arising
from a wrong equation or model choice,” are only
eliminated or adequately minimized when either a
higher-order equation is employed® or the maximum
pressure is much smaller. Thus, parameter estimates
obtained from Tait equation fitting of water data
extending to 1 kbar may be expected to show ap-
preciable systematic wrong-model-choice errors.

This effect may be demonstrated by fitting the KW
19.997°C data with the higher-order 3DGE poly-
nomial equation of state® which leads to negligible
apparent systematic errors in the residuals. Again
using C-weighting, one obtains the results of line 2 of
Table I. Here, we have introduced the higher-order
dimensionless parameter Y¥=KK,”, and K,'=
(6°K/0P)r.—0. The differences between these esti-
mates of Ky, and Ky and the Tait equation estimates
largely arise from systematic errors introduced by the
use of the inappropriate Tait equation.

The various parameters of the 3DGE enter non-
linearly, as do those of the Tait equation. The param-
eter and standard deviation estimates obtained from
least squares fitting with these equations are thus
biased.®'1! But we may readily show that the SDGE
parameter estimates are only negligibly biased in the
present situation. The 3D GE may be written in terms
of a new set of parameters whith do enter linearly"
(see Appendix). Estimates of these new parameters
may then be combined to yield values of the usual
parameter set of Table I. Since linear least squares
fitting yields unbiased estimates, we thus have a test
of the original nonlinear estimates. The V, value ob-
tained from linear fitting is the same as that of line 2,
Table I to six decimal places; the other parameter
estimates differ from those of the table by only 103
of their corresponding standard deviations. Actually,
C-weighting itself destroys the strict linearity of linear
least squares fitting®® but similar close results are
obtained with ordinary weighting of the pressure values
alone (the ‘“dependent” wvariable in the 3DGE).
Since the 3DGE results of line 2 involve no obvious
systematic errors in the residuals and are unbiased for
practical purposes, these values may be taken as best
available estimates for the 20°C parameters.

B. Low Pressure Region

The maximum negative pressure attained in the
WC experiment was only about 75 bar. Now that we
have obtained adequate parameter estimates from the
0-1 kbar data, it is important to investigate how closely
various equations of state can come to yielding these
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same estimates when applied to accurate positive-
pressure PV data extending only up to 75-100 bar.
In this way we can (a) better select an equation of state
appropriate for this region, and (b) obtain some
actual information on the uncertainties of K, and
K, parameter estimates derived from such low pressure
data. This information will also be valuable in assessing
the result of fitting the WC data.

Again, we shall use the 19.997°C KW data, selecting
only the first nine low-pressure data points, up to and
including that at about 101 bar. C-weighting will again
be used, and this time V, will be taken known and fixed
at the Table I, line-2 value for all the fitting. Such
fitting of V, is indicated by the letter “F” in the V,
column. Thus, here and in the subsequent WC data
fitting, only Ky and Ky’ values will be estimated.

Let z=p/Ko=(P—Py)/K,, a normalized pressure
variable. Now as z decreases much below unity, all
equations of state begin to coalesce. In the present
WC situation, the maximum magnitude of 2, | 2m |,
is only about 3XX 1073, Thus, it appears that it shouldn’t
make much actual difference which equation is selected
for this region. In fact, it turns out that to terms of
order 2? all equations of interest, including the Tait,
Murnaghan, and even those such as the 3DGE in-
volving higher-order parameters, exhibit the same
series expansion, namely,

(V/Vo) =1—2z+ (K +1)22/2, ¢))

an equation of state we shall term the VQE, for volume
quadratic equation. Taking Ky=5.2 and z=z,2
—3.37X1073, the 22 term above becomes about 3.5X
105, and higher-order terms in z will be quite negligible
for even data with six decimal digits in V, such as that
of KW. From a theoretical point of view, it will thus
be just as adequate here to use the quadratic approxi-
mation to (Vo/V)=(p/ps) following from Eq. (1),
namely

(p/p0) =1+32—az?, (2)

where a= (K¢ —1)/2 and p is the density. This result
of course also follows from direct expansion of the
various equations of state to this order. I shall term
this equation of state the DQE, for density quadratic
equation.

While the Tait, 3DGE, VQE, and DQE are all theo-
retically equally applicable in this low-pressure region,
the DQE simplifies the subsequent analysis the most
and will therefore be used. The Tait equation is too
complicated in form to allow all the quadratures in-
volved to be obtained in closed form. Thus, part of the
fitting procedure used by WC necessarily involved
numerical quadrature, and they were unable to fit
using the same free equation of state parameters for
both the positive and negative pressure regions.
Though the above equations, and the 2DGE, a lower
order version of the 3DGE, all lead to Eq. (2) when
expanded in powers of z to 2? terms, it is still of interest
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F16. 1. Diagram of filled capillary tube showing axis of rotation
and pertinent length designations.

to see how well they all agree in estimating K, and
Ky from the 9-point KW data. The results of C-
weighting, least squares fittings are shown in Table I,
lines 3-7, All fittings led to the same residual sign
pattern, namely —+ -+ ——+—+, which shows no
long-period systematic behavior,

The results in line 3 indicate that the 3DGE is a
poor model choice for these low pressure water data.
As the Appendix shows, the right hand side of the
3DGE is a polynomial of third degree in w= (V,/V) —
1. The w?® term, where ¥ enters, should be negligible
compared to the »? term in this pressure region. In-
stead, ¥ is so large in magnitude that the two terms are
comparable in magnitude. Further, they turn out to
be opposite in sign. The exceedingly poor estimate for ¢
clearly forces the other parameter estimates to be poor
as well.

As line 4 shows, the results obtained with the 2D GE,
which involves terms up to only %?, are much im-
proved. The values given in lines 4-7 show that all the
parameter estimates are close to those of line 2. In
fact, except for the Tait results, all parameter esti-
mates are well within one of their own standard devi-
ations of the corresponding line 2 values. Additional
least squares fits of the 2DGE and VQE, written in
terms of new parameter sets entering linearly, again
vield derived parameter estimates within a small
fraction of a corresponding standard deviation of those
obtained directly and listed in Table I. Thus, param-
eter bias because of nonlinear least squares fitting is not
likely to be a factor here.

The various standard deviation estimates show much
greater variability. These results are calculated in the
usual way® with a linearizing approximation by the
same formula which is used for linear least squares
problems. Thus, the standard deviation estimates are
possibly significantly biased, especially those in line 5
for Tait fitting. The relative importance of bias and
sampling error cannot be directly assessed here, how-
ever. Nevertheless, there seems to be a definite trend
for Tait-equation fitting to yield strongly biased
standard deviation estimates that are much too small.

J. ROSS MACDONALD

III. IMPROVED ANALYSIS

A, Pressure-Distance Relation

The WC experiment involves C-shaped capillary
tubes, partly filled with water as in Fig. 1, spun hori-
zontally about their axes of symmetry, an approach
used earlier by Briggs.? During rotation, water in a
considerable part of the tube under tensile force is
balanced by water under compression. Under constant
mass conditions net expansion of water leads to a
movement of the water meniscus in each leg of the C
toward the axis of rotation, thus reducing #, the dis-
tance to the meniscus in the upper leg of the tube.

To calculate the pressure as a function of 7, one must
solve the basic hydrostatic equation

dP/dr=dp/dr=p(P)uw?, (3)
where w is the rotation rate. Solution of this equation
requires an equation of state. Here I shall use the DQE
for reasons already discussed. The equilibrium density,
po, applying at 19.997°C and P=Py=20.02338 bar,
will be taken as the known constant V;1=20.998163
g/cm?,

If we now express Eq. (3) in terms of z and use (2),
we find, after a lengthy calculation

z=2 tanh[¢Q(r*—r?)]/{2¢— tanh[¢Q(rP—r2) ]}, (4)

where ¢=(1+4¢)?/2 and Q=px?/2K,. Note that
1 is a function of w. Since the argument of the tanh
terms is always small in the present experiment, ex-
pansion yields

= —r?) +[QrP—r?) I/2- - -, (5)
showing that K¢’ appears only in the omitted, higher
order terms. The use of the VQE instead of the DQE
in Eq. (3) also leads to Eq. (5) to the order shown.
Since the maximum value of w used by WC was 600r
rad/sec, the maximum value of @, ,,, turns out to be
about 8.134X10~® cm™? when one uses K=22.18X 104
bar and p¢=20.99816 g/cm?®. The maximum magnitude
of z occurs at r=0. Taking (71)umep, =t as 6.44
cm, essentially its maximum value, we find z=2z,22
—3.37X1034-5.7X107% - . -, Clearly, the series for z
may be truncated after the second term, as in Eq. (5),
with no important loss of accuracy.

The maximum negative pressure corresponding to
Zm I8 Ppm=Py+Kwn=—73.4 bar. This value is
comfortably smaller in magnitude than the maximum
negative pressure of about —270 bar found by Briggs*®?
where water cavitates. Thus, the experiment should
lead to no open vapor-filled region in the capillary
centered around the axis of rotation.

WC used the following approximate expression in
place of (4) or (3)

gwe=Q(r*—n2) [pr/po], (6)
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where

Pr _ flrdr/ f,r‘—)gdr. N
Po 0 0o P

This result is adequate for data which only allow a
first-order parameter to be estimated but inadequate
when two parameters are estimated as WC did. Al-
though the corrected WC data only support the
estimation of K,, not Ky as well, K,/ terms will be
retained in the theoretical analysis. This approach
will allow Ky’ to be estimated when more precise data
become available and will also allow me to show to
what degree such estimation fails for the WC data.

B. The Liquid Mass Equation

When Eq. (5) is substituted in (2), one obtains for
the density ratio

Lo(r) /p]=14Q(r?—r?) —b[Q(P—rD) I,  (8)

where b=(Ky—2)/2. For @=Q,, n=6.44 cm, and
b=1.6, we obtain the minimum density ratio

[0(0)/p0]=1—3.37X10-3—1.8X 10-220.99661, (9)

with the next omitted term being less than 1077 in
magnitude. Note that Ky appears only through the &
term in Eq. (8), which here contributes a maximum
of only about 2 parts in 10° to the density ratio. The
unsmoothed Cho datat for Ar=r,—ry,, have a resolution
of 107 ¢cm and an estimated experimental error of
6X10~* cm. Since errors in Ar may be as large as 1
part in 30, it is quite clear that no meaningful K/
esimates can be obtained from these data.

Since none of the WC capillary tubes is entirely
symmetric around the axis of rotation, the analysis
should account for this asymmetry by appropriate
averaging. The effect is relatively small, as shown by
the data of Table II, and was implicitly ignored by
WC. I shall include it in the actual fittings herein but,
for simplicity, omit it from the following analysis. The
rim values of Table IT were kindly provided directly
by Cho. The Ar data'* to be analyzed are for 20°C,
sufficiently close to room temperature that no thermal
corrections need be made in the data of Table IT.

Analysis of the ultracentrifuge experiment requires
an expression for Ar(w). Since the total water mass My
in a sealed capillary tube is independent of w, a general
expression for M, evaluated at two different w values
may be used to obtain Ar(w). Convienent values
would be w=0 and w=w, but, unfortunately, WC did
not measure M, at w=0. Thus, it is necessary to employ
w=w and w=w,, using up the (Ar,, w,) data pair in
the process. To obtain M, itself, it is most convenient
to integrate (p/ps) over all water-containing regions
of the capillary, taking account of all liquid mass
elements lying on disk-shaped planes of area A=
mR,?%, and of perpendicular distance r, from the axis of
rotation. Since Ry deforms during rotation, 4 is not
the constant implicitly assumed by WC. Let the w=0
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Tagig II. Pertinent dimensions (in centimeters) for three cap-
illary tubes! at room temperature. The “I” and “r” subscripts
denote left and right sides.

Dimension

Tube No.7  TubeNo.51 Tube No. 58
Ry 0.025 0.045 0.045
Ry 0.4348 0.4395 0.4675
Rer 0.4330 0.4411% 0.4660
791 7.8064 7.8631 7.8276
T2r 7.8082 7.8615 7.8291
Tim 6.3854 6.3883 6.4436

values of R, and A be denoted by Ry and A,. Then
ignoring the miniscule change in liquid mass arising
from the change of vapor phase mass when Ar changes
and any deformation in bore shape, No=M,/2p4,
is given exactly by

No=I1i+2(I+15), (10)

where

. / [sz__xﬂl,z(ﬁ@)_dxdr, (11)
( |

Po

4 [ B N
L= —/ f [sz—xﬂ”?(m) dxdr, (12)
Ao r “o Po

and

2R, (7 (R (Ry 12 I\
0 —RkpY 0

0 Po
In these integrals r,=7,=[r"+22]? and r,=r.=
(%24 {rs+ (Rc—y) sing} 2|2,

WC were only able to derive estimates of equation
of state parameters from their data for the negative
pressure region, 0<r<r,. For greater generality, it is
desirable to be able to use the same or different param-
eters for the positive and negative pressure regions.
Therefore, define Ko, Ko'%, b, @*, and (p/po) = for the
positive and negative pressure regions. Then the
(p/ps) of I becomes (p/po)~ and those of I and I;
become (p/p0)* as shown.

Unfortunately, the exact evaluation of N is compli-
cated when R, varies with 7 and w. Let A=AR,/Ry=
(Ry— Ruw) /Ry. Now for maximum tube deformation
under rotation | A |<1. Further, for Ry<r, the effect
of ignoring the distinction between r, and 7, implicit
in the WC approach, is also small. The difficulty arises
in accounting exactly for the interaction of these two
small effects. Let us therefore ignore the product in-
teraction, which in cases of interest will be smaller than
second order in N,. We may still account for the
effects separately as follows. Define e=(p/po)—1,
and note that | e |[<<1. When r,—7, Egs. (10)-(13) are
replaced by

N2 [[A(r)/Acp(r)/poldr \
= [[(1+4)2(14-¢) Jar=2 [[1+e+2ATdr
= [[{p(r)/po}+2A(r) Jdr,

(14)
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where the integral is taken over all water-filled regions
and again higher-order coupling terms have been
neglected in the final result. Note that the first form
in (14) can account explicitly for bore deformation
away from circular shape. In the final form, however,
any such effect is forced into the A term.

We have now obtained a complete separation be-
tween capillary distortion and water compression-
expansion effects. The Eq. (14) result can clearly be
improved as follows. Let Ny be given by Eq. (10)
with Ry— Ry in (11)-(13). Then, to reinstate the r,
effect in Eq. (14), we need only write

NENwt2[A(r) dr. (15)
The constituents of Vog==TI10+2(I20+1Is) are
Ly=n~2[2r%/3) — (Ruiri/4) - [~ (27)*]
X[ (8n°/15) — (Ru?ri®/3) + (Ruo'r1/8) ], (16)

l20= (7’2'—71) +Q+[(723/3) _1’2712—" (21'13/3) + (Rbo2/4)
X (rz—r1) 1= [ (@) 2L (r:/5) — (2rsri?/3) +ramtt
~ (8r%/15) + (Ru?/2) { (rs*/3) —rars®+ (2r%/3) }

+ (R*/8) (r—m1) ], (17)

and
Io= (xR./2)[1+2*{ (rf~r®) + (4r2R./7) + (R2/2)

+ (3Rw?/8) } —[b% () 1]{ (e ~11?)?
+{8nR.(r—n?) /m}+RE(3r2—r?) — (16r:R 3/ 37)
+ (3R*/8) + (Ru/2)[ (57— 3ni?) + (13R.?/4)

— (8nR./x) ]+ (41Ry/192)}].  (18)

Although the Ry terms in (16)-(18) are of no im-
portance for the WC data and will be dropped here-
after, they have been included here to cover future
situations where either Ry is larger and/or the data are
more precise.

C. Capillary Tube Deformation Corrections

To evaluate the integral in (15), first let A(r)=
Ay(7)+As(r)+As(r). Here Ai(r) arises from the
inside-outside pressure differential in water-filled
regions; Aq(r) accounts for the relative change in R,
arising from stretching and compression of the straight
parts of the tube containing water; and As(r) arises
from distortion of the bent portion of the capillary
from a circular to noncircular bore during rotation.
Because we are dealing with sufficiently small strains
that the theory of infinitesimal elasticity is a good
approximation, linearity applies and the three A;
effects may be calculated independently.

Were the capillary tube unsupported at the ends,
rapid rotation would lead to very appreciable tube
stretching and consequent bore narrowing. Fortunately,
however, the bent parts of the capillary are encased in
rigid epoxy which abuts steel end caps in the aluminum
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rotor used (see Fig. 2 of Ref. 1). The only over-all
stretching of the bottom part of the capillary then
possible is that allowed by expansion of the rotor
itself during rotation. Current measurements by a
student of Winnick are under way to investigate the
effect. It will be neglected here, although any ap-
preciable over-all stretching could lead to a significant
contribution to A of the same character as that of A,
to be discussed below. Although zero net stretching
still allows localized stretching and compression in the
bottom leg, my colleague Dr. W. W. Boyd has shown
that the resulting over-all volume change is zero to
high order. He also finds that the area change of the
bore at the center of the bend arising from the non-
circular cross section of the bore under rotation is so
small that A; may be neglected as well in the present
context.

Remaining to be calculated are A; and the contribu-
tion to Ap from rotational compression of the top part
of the capillary between 7, and .. Boyd has found that
the latter effect leads to As=v(r*—7r2), where v=
ppw?o/2E and p,, o, and E are the density, Poisson’s
ratio, and Young’s modulus, respectively, of the
Pyrex tube. The quantity r, is defined in Fig. 1; its
value is about 4 cm. Here p, is taken independent of
position, an adequate approximation in the present
situation.

The well-known solution for the deformation of a
hollow cylindrical tube with pressure P, outside and
P; inside may be used to calculate A;. For a thick-
walled tube, the result may be expressed as

Ar= (Koz/E) (140 {[ (Ro/ Reo)*+1]/[(Ro/ Rw)*—11}),
(19)

where z is given by Eq. (5), K is the bulk modulus of
water, and 2R, is the outer diameter of the tube. Note
that P, has canceled out of this expression. Ro/Run
is about 7 for Tubes 51 and 58 and about 10 for Tube 7.4
The term multiplying ¢ varies from about 1.04 to
about 1.02, and thus A; depends only slightly on
(Ro/Ryo) -
We may now write

=tKpz=az,

T2

No— Nox2a f 2dr 42 / (P—r2)dr.  (20)
71

The quantity multiplying 2» in (20) is about 50 cm?
for Tube 58. On using® p,=2.3 g/cm? o=0.24, and
E=6.2X10" dyn/cm?, one finds for w=w. that v=
vm=>1.6X 108 cm~2, Thus, the A; term in Eq. (20)
contributes at most about 1.6)X10~* c¢m. This is com-
parable in magnitude to other errors discussed and
neglected by WC and is small compared to the sizes of
the remaining terms in No. Thus, it will be neglected
for simplicity here although it and possibly even the
small A; contribution should be included in a precise

treatment of good data.
When Eq. (20) is evaluated and the result combined
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TasLE III. Results of least squares fitting of Winnick and Cho 20°C data.
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Fitting Parameter estimates
method Deformation — ~
Line tube Data correction sq (cm) Ky (bar) Ky
1 1-58 5-U No 1.64<10°% 13 238425 5.911+0.68
2 1-58 S-U No 1.64X10°5 13 284425 6.03+0.69
3 I-58 S-C No 7.56X107¢ 22 965435 4,.8140.93
4 1-58 U-C No 4.75%107% 22 9774219 5.145.8
5 I-7 U-C No 8.96 1078 22 7294443 —11.8411.4
6 I-51 U-C No 3.65%x1078 22 7244183 —2.444.7
7 1-58 U-C Yes 4.75% 1078 24 459248 6.01+6.6
8 .7 U-C Yes 8.96X 1078 24 1644501 —13.24+12.9
9 I-51 U-C Yes 3.65%x1078 24 1144206 —2.5+5.4
10 II-58 U-C Yes 4.75X10-8 26 1494-432 6.0+6.3
11 11-7 U-C Yes 8.96X1075 25 6634866 —11.8+11.6
12 II-51 U-C Yes 3.65x 1075 - 25 7304372 —1.84+4.9
13 11-58 U-C Yes 4.60%x1078 25 880451
14 1-58 U-C Yes 4.61 X105 24 282429
15 I11-58 U-C Yes 4.65%1073 16 877440

with that for No, one finds that the remaining tube
deformation correction leads to the replacement in
(16)-(18) of Q* by (142a)Q* and b+(Q2*)2 by (b+—
a) (Q*)2 These corrections are small but not negligible.
For Tube 38, e.g., a=20.044, using K,=2.18X10* bar
and the above Pyrex material parameters,

D. The Ar(W) Equation

The result of setting (No)u=(No)u—w, may be
written

Ar(W) = (QW ~QuW,) + (RuW.2—RW?),  (21)
where W= (Ko£) Q%= (py/2) 2,
Q=[(2r2/3) = 2rar®+ (4r3/3) + 7R (r2—11®)
+4r,R 2 (7R3/2) CH— (2r3/3)C~,  (22)
R=[(—16r3/15)+ (2r:5/5) + 2rarst— (4r2r2/3)
+7R(r—1?) +8rR2(r— 1) + 7R3 (3r2—r?)
— (16r.R*/3) + (3wR5/8) ID*+ (8r%/15) D~ (23)
In these equations
C*=(142a) (Ke¥)'=[(KsF) 4 2£],  (24)
D= (5—a) (Ke#) 1= [ (Ki'*—2)/2} ~ Kyt
X (Ko¥)™2  (25)

It is thus C* and D# which involve the K¢t and Ky
free or fixed parameters which apply in the positive
and negative pressure regions.

Since Eq. (21) cannot be readily solved for Ar
explicitly, and since Ar<<r, simplification is desirable
and possible. Expand Q and R in Taylor series around
71=7im up to terms in Ar only. Although it may easily

be shown that (Ar)? and higher terms are negligible
for the present data precision, (Ar)? terms should be
retained for more precise data, especially that for more
compressive liquids or larger negative pressures,
where Ar,, is larger. The result is

Ar(W)

= [On (W — W)+ Rn(Wat—W?)]/[1—0n'W+ R, W?],
(26)

where

On' = 211m[ 2(r1imn—12) —7RJCr—2r,2C—,  (27)
Ro =[(—8r1m/3) { 2713 — 3rst1m2+15}
— (211mR.) {27 (12— 11?) + 8RR 2} D
+(8rim?/3)D~.  (28)

Equation (26) is the final fitting equation; note that it
involves the equation of state parameters nonlinearly.
For typical values of the quantities appearing in Eq.
(22) and r1=r1m, Qn=260C*—180C~; thus, Qn, will be
negative and the dominant term in (26), Q@ (W—W,,)
will always be positive as it should be.

IV. DATA FITTING RESULTS

A. Published Data

The first three lines of Table ITI show the results of
least squares fitting of Eq. (26) to the Tube 58 pub-
lished WC data using the values given in Table IT.
Here I designates the case where K¢ and K"~ are free
and K¢* and K+ are fixed, that used by WC. Case II
is that where the same free Ko and Ko’ parameters
are used in both negative and positive regions and
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Case III is the reverse of I. S-U denotes smoothed,
uncorrected data and U-C unsmoothed, corrected data.
Line 1 is the situation analyzed by WC. They used
the fixed input values B+=2790.4 bar and K*=
0.13041. On taking V,=1.001840, P;=0.0234 bar,
Ky=(Ky/+1)(B+P), and Ky'=(V,/K)—1, 1 find
these values correspond to Kyt=221437 bar and
Ky'*t=26.6822. These are the fixed values used in the
line 1 fitting. Since it has been established earlier
that the values K =221 796 bar and K¢'*=5.20 are
considerably more appropriate, however, they are
used in all succeeding Case I and III fittings. In-
cidentally, to ensure the least squares character of
these nonlinear fittings, all results were checked
against the results of fitting with an approximate
form of (26) where the parameters entered linearly.

Although. the difference between the results of lines
1 and 2 is not significant, the Ky~ values obtained are
nearly a factor of 2 too small! When WC were ap-
prised of the result (which also appears for Case
IT fittings), they discovered that an instrumental
magnification factor of 2.165 (not mentioned in WC or
in Cho’s thesis) had not been applied to the published
data, that appearing in Table III of the WC paper.
All lengths in this table are thus too large by this
factor, but it apparently did not affect WC’s own
parameter estimation results.

Correction of the WC data by the 2.165 factor and
fitting as in line 3 leads to a much more likely value of
K. Incidentally, these Ky and Ko" values cor-
respond to B223953 bar and K—=20.172 cm®/g.
For comparison, WC found B—=2878.8 bar and K—=
0.12550 cm?/g for this tube. The large differences
apparent may largely arise from WC’s approximate
fitting formula and from their likely failure to achieve
a true least squares solution. On the other hand, their
values lead to Kj =222 981 bar, very close to the line
3 K~ value, and their parameter estimates do, in fact,
lead to a reasonable representation of the data within
the expected experimental accuracy. Had they actually
calculated such a K¢ value, they might well have
concluded that the experiment yielded satisfactory
results, at least for this parameter. But, as we shall see,
one must not stop the analysis here.

Private communication with WC next made it clear
that their data were smoothed. Since all present fittings
of these data led to highly correlated residuals, showing
large systematic error, it became clearly desirable to use
the unsmoothed thesis data* for further fitting. Such
data naturally lead to higher standard deviations, but
the residuals obtained generally showed little or no
correlated systematic behavior and were normally
distributed to good approximation. Thus, the param-
eter-estimates and standard deviations obtained from
the unsmoothed data may be trusted much more than
those obtained from the smoothed data.

Because there are random errors in both W and Ar
values, generalized least squares should be used for
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fitting these data.®®! Since there is, unfortunately,
insufficient information in WC'* to yield trustworthy
weightings for individual W and 7, values, all the
present fittings have been carried out using ordinary
nonlinear least squares, which involves unity weighting
of Ar and the assumption of no random errors in W.

B. Thesis Data*

The line 4-15 results have been obtained using cor-
rected, unsmoothed data.* Results are first shown for
the three different tubes analyzed by WC. Note the
greater uncertainty of the line 4 results compared to
those of line 3 for smoothed data. Clearly, no un-
smoothed data fittings lead to Ky’ values of any sig-
nificance whatsoever. Comparison of line 4-6 results
with the corresponding line 7-9 results shows that the
deformation_correction leads to about a six per cent
change in Ky~ values. Unfortunately, it moves Ko~
away_ from the expected value of 21796 bar; line
7-9 Ky~ values are about 119 larger than this value.

Next, lines 10-12 show the results of Case II fitting.
Values of Ky are about 6. 59 larger than the correspond-
ing Case I results and about 18%, larger than 21 796
bar. Further, the Case II tube deformation correction
leads to a larger change in K, than for Case I. Fi itting
results not listed in the table show that the inclusion
of this correction leads to somewhat more than a 109,
increase in K values for these three tubes.

Since Ky’ estimates are without significance here, K,
estimation should be improved by eliminating Ky
entirely as a free parameter. This can be done by
fixing Ky’ at zero, but for the present data a slightly
better fit is obtained by eliminating all second order
effects through setting R,=R.'=0 in Eq. (26).
Lines 13-15 show representative Tube-38 fitting
results for this condition for Cases II, I, and III.
As expected, the estimated standard deviations of the
K values are much smaller when K, is the only param-

eter determined. Thus, the differences in K, values
from 21 796 bar for the various cases appear to be
highly significant. Results for the other tubes are
similar, and the inclusion of the tube deformation cor-
rection again leads to the same percentage increases as
above.

C. Conclusions

Case II results are probably more significant than
those of I and III. In these latter cases, Ky* output
values are partly determined by the fixed Ko* input
values used. Note nevertheless that the Case III
result for K¢t indicates the same sort of anomaly in
K, as those evident for Cases I and II. None of these
results shows unambiguously, however, that the anom-
alies arise only from the behavior of water in the
negative pressure region.

It is unfortunate that meaningful estimates of Ky’
cannot be obtained from the WC data because if there
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should be any significant difference in the behavior of
water under positive and negative pressures near zero,
one would expect it to show up more importantly in
Ky than in K,. To establish any such effect, one would
require either more precise data and/or larger negative
pressures. .

On the other hand, the line 7-15 results for K,
show large and significant differences from the expected
value of 21 796 bar. These differences may arise from
three causes: (a) systematic errors in the data an-
alyzed; (b) an inadequate theory of the experiment;
and (c) a very considerable difference in the response of
water to positive and negative pressures of less than 75
bar. WC carried out their original experiments to test
whether liquids under negative pressure follow the
same equation of state as those under positive pres-
sure.! This suggests that in this low-pressure region
they believed that there might indeed be a measurable
difference. Since there is every reason to expect that
one can expand the density in a Taylor series around
=0, as in Eq. (2), it seems exceedingly implausible
that appreciably different values of K, might be re-
quired for the regions —75 bar< p<0 bar and 0 bar<
»<75 bar. Certainly if p were sufficiently negative to
bring the water near the cavitation region, one would
expect that the usual quadratic dependence on sepa-
ration of the intermolecular force between molecules
would fail, but the present experiment comes nowhere
near this region. Thus, although neither possibility
(b) nor (c) can be absolutely ruled out, 1 believe that
(a) is the most likely explanation for the present dis-
crepancies.

Finally, it is clear that tube deformation during rota-
tion contributes significantly to Ar and should not be
neglected in an adequate account of the present type
of experiment. Since it exhibits exactly the same de-
pendence on « that water deformation itself shows,
within the limits of applicability of linear elasticity
theory for the capillary tube, the two effects cannot be
readily separated or changed in relative importance
by changing w. On the other hand, tube deformation
will be of less relative importance for a liquid rmore
compressible than water.

In conclusion, it appears that (a) sources of sys-
tematic error likely to be present in the WC data should
be isolated and controlled; (b) measurements of Ar,
7im, and w values should be refined and replicated
enough to establish their individual uncertainties;
and (c) improved data should then be analyzed by the
present theory, using generalized least squares. The
results should allow reasonably reliable " values for
K, and possibly even K’ to be obtained, but, unless
wmax and/or 71, can be so increased that the maximum
tensile strength of water can be approached much
closer than it has been so far in this kind of experiment,
it seems unlikely to me that important new physical
insights into the behavior of water under negative
pressure may be expected from the experiment. Further,
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since the tube deformation correction is an appreciable
part of the total contribution to Ar, small uncertainties
in the elastic properties of the pyrex actually used in an
experiment, and perhaps even in the form of parts
of the correction itself, will make it difficult either to
derive very accurate values of K, and K, from this
kind of an experiment or to achieve meaningful dis-
crimination between various different equations of
state for the negative pressure region.
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APPENDIX: EQUATIONS OF STATE CONSIDERED

A. Definitions
At P=P,, V=V, Let p=P~Pyand w= (Vo—V)/V

B. Tait Equation
V—Vy=—Clogu[ (B+P)/(B+Py)]
=—K In[(B+P)/(B+Py)]
(V/Vo) =1—(Kd/+ 1) In[14+ (Ko +1) (p/Ko) ]

C. 3DGE
Nonlinear form:
p=Ko[w+[3 (K¢ —1) Je*+ 3 (K2~ 3K/ +2+¢) w*]

Linear form:

3
p= > Aw?
=0

D. 2DGE
p=EKo[w+3(K/—1)»?]

E. VQE
(V/Vo) =1—(p/Ko) +5(Ky'+1) (p/Ko)?

F. DQE
(p/p0) = (Vo/ V) =14 (p/Ko) —5(Kd'—1) (p/Ko)?
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Ozone Ultraviolet Photolysis. V. Energy Distribution in the O (D) +0O; Reaction*
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The experiments described in this paper concern the distribution of vibrationally excited O, following
flash photolysis of ozone under conditions which permit an improved extrapolation to find the distribu-
tion in which they are initially formed. The observed states v"' = 14-21 are found to have an initial distribu-
tion which can reasonably be described by a vibrational temperature, 7yi,=23 400+1260°K. The origin
of the distribution and the proportionation of product between 20," and 20(3P)+0; is discussed in
terms of a statistical model. This interpretation accounts for the observed distribution of Oy (s=14-21),
it accounts for the predominance of 20(3P)+-0: product in gas phase photolysis, and for the predominance
of 20, products in photolysis of liquid Ar solutions. An inert gas pressure dependence of the reaction product

distribution is predicted and observed qualitatively.

I. INTRODUCTION

The O(*D)+-0s is the most energetic of the various
A+BCD reactions which have been studied,'® pro-
ducing vibrationally excited O,' which has been ob-
served* in states as high as v"/=30. The purpose of this
research is to determine the distribution in which this
O, is initially formed. The experiment is flash photo-
lysis of an ozone-argon mixture accompanied by photo-
electric absorbance measurements at wavelengths of
selected rotation—vibration lines of the levels accessible
to measurements in the Schumann-Runge system.
The reaction sequence to be considered is

O3+ —0(1D) +0:(14), (1)

O('D) 405205, (2a)
O('D) +0;—20(3P) +0,, (2b)
O('D) +Ar—O(*P)+M, (3)
Oy +0(*P)—>0/+0(P). (4)

Part IIT of this series,* showed that formation of Ogf
by reaction (2a) is a minor reaction path and identified
the major path (2b) as one forming 20 (3P). [ Note added
in proof: This O(*P) has also recently been observed
directly by resonance fluorescence (R. P. Wayne,
private communication). ] The literature pertinent to
the other processes is referenced in that paper, Part IV
then showed® that relaxation of the O,' occurs largely
by collisions with O(3P) when the [O(3P) ]/[0s] con-
centration ratio is not too small. Reaction (4) is a
matrix of processes which can be represented by rate

constants
kij=6X108[14-0.04(i—1) ]

with ¢> under the conditions to be studied.

All known reactions of this system other than those
which are given are too slow to contribute significantly
on the time scale of the present experiments. At higher
temperatures the reaction

054+0(3P)—20, ()

is fast enough to produce a significant amount of Oe'.
It is now clear that the distribution observed in the
earlier work by Fitzsimmons and Bair® resulted from
some unresolved combination of Reactions (2a) and
(5). The present research takes advantage of subse-
quent information and technology to study the’ dis-
tribution of O from (2a) alone.

II. EXPERIMENTAL RESULTS

The details of the experimental system and pro-
cedures for measuring the data and reducing it to
population distributions have been adequately de-
scribed previously.’® The primary data of the experi-
ment are illustrated by the data points in Fig. 1.
Part IV treated the data at time £>40 gusec to obtain
a system of relaxation rate constants. In the present
work these constants are used to calculate distribution
constants, fi, the fraction of Reaction (2) that is
(2a)+(2b), which produces vibrationally excited O,
initially in vibrational level 4. This is done by numerical
integration of the rate expression for Reactions (1),
(2a), (2b), (3), and (4), using previously measured
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