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INTRODUCTION

In order to use solid materials most effectively in
solid electrolyte applications, they need to be character-
ized as fully as is practical. Here, one useful method of
electrical response characterization will be discussed:
meagurement of the response when a small-signal sinusoidal
potential difference is applied across a sample. A great
deal more can be learned from the frequency and temperature
dependence of the resulting impedance than from ordinary DC
or single-frequency AC conductance measurements alone,

An exact solution of an idealized model of a system in-
volving homogeneous material between two identical plane
parallel electrodes separated by a distance % has recently
been given.l»2 It incorporates the following five physical
processes: charge separation, adsorption-desorption and
charge transfer at electrodes, diffusion effects, and bulk
generation-recombination (G/R). Many impedance results>s
and considerable background information? have already been
presented; space limitation precludes their recapitulation
here. Instead, the present work will concentrate on the
use of earlier and current complex impedance plane results
to illustrate methods of characterizing materials in terms
of (a) pertinent equivalent circuits and (b) basic quanti-
ties such as mobilities, reaction rates, etc. derivable from
equivalent circult elements.

*Work supported by U. S. National Science Foundation
(Grant No. DMR 75-10739).
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PERTINENT PARAMETERS

Figure 1 shows the fquivalent circult following most
directly from the model.™ All circuit elements will be
given for unit electrode area. In general, Ci(O) = C,n is
finite and R, (») is zero. Thus, the cilrcuit necessarigy in-

i , .
corporates ail w = 0 resistive path, , and as w > », ordi~-
nary bulk response involving the geometric capacitance C_ =
e/4mt, and thi bulk resistance, R = 2/[(eze)(unn + u pg)].
Here R;l =t "1; € is the dielectric constant of Ptfie
material; p_and u_ are the mobilities of negative and posi-
tive chargeg of quilibrium concentrations n_ and p_; and
the valence numbers, z_ and z_of these charges have, for
simplicity, been taken equal o z, here. For an intrinsic
conduction situation, n, 2 Py ¥ ¢y The dielectric relaxa-—
tion time t, = R C_ is also equal to e/4mo, where o = &/R
is the high—frequegcy limiting conductivity of the material.
It is often convenient to use the mnormalized frequency £ =
wTy and to normalize circuit elements with R and C_. Such
normalization will be denoted by a subscript "N." Frus,

RDN = RD/Rw, CiN = Ci/Cg’ etc. Also, let mo = un/up.
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Fig. 1 General equivalent circuit following from theory.
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For simplicity, the present analysis will deal primar-
ily with complete blocking at the electrodes of mobile posi-
tive charges. Negative charges, however, may react at the
electrodes with a heterogeneous rate constant k_, related
to a dimensionless boundary parameter r_ by k 0= O /Vr_ =
(kTp_/%ez )r . Here k is Boltzmann's cgnstant, T the abso-~
lute tempera%ure, and % the proton charge. When r_ = 0,
negative charges are also completely blocked, a (rn,r ) =
(0,0) situation. In the presence of adsorption, rp becomes
complex,-?® and one must introduce both its low—frequency
limiting value T and its high-frequency value r__ as well
as the internal aasor?tion relaxation time T, . eneration/
recombination effects’/»>8 will be largely negﬁgcted in the
present work. Define N_ as the net concentration of extrin-
sic centers, assumed fufly dissociated, and N, as the con-
centration of neutral intrinsic centers before any dissocia-
tion. Then yx = Ne/2z s will determine the degree of ex-
trinsic conduction and ci/Ni the amount of intrinsic dis-
sociation present.

EQUIVALENT CIRCUITS

Although the modell yields relatively simple expres—
sions for the and R, of Fig. 1, that for Z,, =
Ri + (iQCi )'§E¥s ver?Dgomplicated, making it %?ten diffi-
cult to usé&. Further, many of the effects of the five prin-
cipal processes incorporated in the model are buried in the
frequency dependence of C,(w) and R,(w). Therefore, it is
worthwhile to consider other kinds of circuits which may

still represent the physical processes present adequately.

All linear circuits not containing inductance can be
represented by either the Maxwell model, the left circuit
of Fig. 2, or the Voigt model, the right circuit. By proper
choice of element values, these two circuits can be made to
have the same total impedance Z_ at all frequencies. The
right-hand circuit of Fig. 2 hag been used to represent N-
layer Maxwell-Wagner (M-W) interfacial polarization.g’lo
In this theory, it is assumed that the material involves N
separate layers, each with its specific dielectric constant
and conductivity. The two-layer model, being simplest, has
often been used. It could be appropriate for a two-phase
material such as a pressed and/or sintered compact in which
somewhat conducting particles were dispersed in a matrix of
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Fig. 2 Two equivalent circuits which may have the same
overall impedance.

different conductivity or, in the absence of a matrix, the
particles themselves might have a more or less homogeneous
central reglon surrounded by oxygen-rich surface layers.
Alternatively, the two layers might represent bulk and sur-
face regions of a macroscopic sample. The two-~layer model
has been modified in various ways: for example by consider-
ing it as a two-layer cagacitor with a continuous distribu-
tion of relaxation timesll or by assumingl2 Schottky bar-
riers are present in one of the layers and may cause the re-
sistance and capacitance of the layer to depend upon the po-
tential difference across it.

Notice that the M~W model even with the above generali-
zation is rather simplistic. In a real N-layer M-W material,
one might expect that each layer or phase could separately
involve many of the physical effects discussed above.

Since the present homogeneous-material model can often
lead to Z_(w) response of essentially just the kind predicted
by the infiomogeneous-material M-W model with N = 2 or 3, un-
less it is known that the material is strongly inhomogeneous,
it seems wise first to try to analyze its response on the
basis of a homogeneous model. If this is insufficient, then
two such homogeneous models connected in series and involving
different parameters might be considered. While it may some-
times be easy to mistake the response of a homogeneous sys-
tem for an inhomogeneous one, distinction between them can
frequently be made on the basis of their possibly different
responses to a change of electrode separation distance, £.
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Although the two circuits of Fig. 2 may be made en~
tirely equivalent electrically, they may not be equivalent
in terms of interpretive power for characterization pur-
poses. When these circuits are thought to be appropriate,
which one should be used? If each of the main processes
which lead to the electrical response comnsidered separately
produces one of the series RC branches of the left~hand cir-
cuit, then this circuit will generally be more appropriate
than the right-hand one, which will then characteristically
involve mixtures of processes for each parallel RC section.
From this point of view, dielectric relaxation with a dis-
tribution of relaxation times (N finite or infinite) seems
better represented, as is customary, by the left than the
right circuit. For a M-W system, involving layers physi-
cally in series, however, clearly the right hand one should
be employed.

Further, when_ impedances or admittances (or complex di-
electric constants 3) are to be plotted as parametric func-
tions of frequency in the complex plane, admittance plane
(or complex dielectric constant) plots will be more appro-
priate when the left-hand circuit is the preferred one and
impegance plane plots will be more appropriate for the right
one. For the present homogeneous model where, at least in
the limit of very loosely coupled processes, each parallel
RC sectlon is associated with a separate process or physi-
cal region, impedance plane plotting is therefore preferred
and will result in a connected series of arcs, each again
agsoclated with a single process and a single RC sectiom.
Analysis will then be greatly simplified since mixture of
processes and effects will be avoided.

While straightforward transformation equations exist
which lead from known values of the elements of the right-
hand circuit of Fig. 2 to values of the left-hand circuit
elements, direct solutions for the reverse transformation
are not very practical for N > 2. It would therefore be
desirable if the present model led directly to a Voigt type
of circuit instead of that of Fig. 1. Although it is not
self-evident that the model can often be well represented by
a Voigt circuit, it indeed can be.3>

The resulting approximate circuit is shown in Fig. 3-a.
This is an N = 5 Voigt system except that the last two
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sections may involve frequency dependent elements. The des-
ignations of the sections are appropriate only for very
loose coupling; i.e., each time constant must differ from
all others by at least a factor of 10%. Surprisingly, how~
ever, it turns out, based on least squares analysis of ex-
act model results, that the circuit shown here is often an
excellent approximation even in the close-coupled case.
Then we must designate the elements as C, and y, with k =
1,2,...,5. It is hoped that future work will reveal how
these parameters, each of which may in the close-coupled
cagse depend on all processes, can be related to the basic
material characterization parameters.

For simplicity, most of the following results will ap-
Ply only to the intrinsic-conduction loosely coupled case.
Unless the recombination internal relaxation time is much
greater than T, contrary to the intrinsic—conduction pre-
diction of the Langevin diffusion theory of the bimolecular
recombination constant,2 it turns out that the G/R contribu-

5
T s lek, 1s negligible compared to the other

contributions to Z,,. When it is not negligible, C. and R
may or may not be grequency independent,2 depending on the
value of L Possible generation/recombination effects will
be considered in detail elsewhere.

tion, ZG’ to Z

Fig. 3-b is a plot of Z¥ = Re(Z.) - i[Im(Zy)] in the
complex plane for a loosely coupled Situation. “Arrows in-
dicate the direction of increasing frequency. Frequently,
not all these arcs will be significant at the same time.
The G/R arc is shown dotted since it may be negligible un-
der most conditions and may be either semicircular or simi-
lar in shape to the finite-length Warburg diffusion arc
shown at the right. The sizes of the arcs depend on the
Process parameters; they may thus vary widely in relative
magnitude. They have only been shown roughly similar here
in order to fit all five on the same diagram. Further, the
order in which specific arcs appear may vary greatly depend-
ing on the time comstants involved. The theory does not
allow the A/R arc to occur at higher frequencies than the R
arc, however. Further, in cases of practical interest, the
B arc will always lie at the left.

The present model, when well approximated by the circult
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of Fig. 3~a, leads to

. 1/2
tanh(lﬂrkN) >
1/2 ’
) /

_ E n § S T +<jk5)<

1 k=1 (1 + iQr (10t

kN) m kN
(1

where 6 is Kromecker's delta and T, = In the
usual cage where the normalized bulk time consgant is well
Y %)

separated from the others (r N >i T = =1, k=2 to
5), Ry = RE 1 and C E = Approx1mate expres~
sions " for the other normalizeg parameters will be discussed
in the next section. Note that each semicircle of Fig. 3-b
is associated with one of the k = 1 to 4 terms, while the

= 5 term accounts approximately for finite-length Warburg
response.

Sometimes, experimental arcs are depressed4 (less than
a semicircle), possibly arising from a continuous distribu-
tion in one or more of the elements of the given process.
Under some circumstances, the present model can yield some
depression for the reaction arc without distributed ele-
ments, however. Depression can be accounted for heuris-
tically in the present approximate approach by wrltmgl"l4
each k = 1 tg 4 denominator in (1) in the Cole-Colel3 form

[1+ (iQTk ) ], where o, is a distribution parameter
which is zero when there iS no distribution.l3 It is some-
times found experimentally that the straight line portion
of the diffusion arc lies at an angle different from the
theoretical Warburg value of w/4. One possible way of ac-
countlng heuristically for such a result is to raise the

= 5 [tanh( }1/21/( )1/2 quotient to the (1L - a.) power,
with -1 < < 1. This modification is quite similar in
effect to tge skewed-arc Davidson-Cole heurisgtic relaxation
distribution modification.l3 It is likely to be more ap-
propriate here, however, since the approximate k = 5 term

in Eq. (1) follows directly from the detailed model when
o. = 0.
5

Finally, the circled "e's" and "i's" in Fig. 3~b stand
for extensive and intensive. Here "intensive'" means that
the R and C parameters of the arc are independent of £.

Arcs or portions of arcs which are extensive will, in con-
trast, change with change in 2, helping somewhat to identify
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an experimental arc as being associated with a specific
process in the loosely coupled case.

CHARACTERIZATION RESULTS AND POSSIBILITIES

There are many different ways to plot frequency re-
sponse, results, Some of them have been discussed else-
where. It has been found that the present model (with

0 for all k) can lead to frequency dependence of C_,
tﬁe overall parallel capacitance of the system, of the form
0™ over an appreciable range with m = 0.5, 1, 1.5, and 2
and even some intermediate values. For characterization,
however, only a complex-plane Z;(w) plot is needed. Then,
the data may be analyzed with as many terms of Eq. (1) as
required, preferably by monlinear least squares fitting (of,
e.g., Im{Z . (w)]), to determine the pertinent R and C param-—
eters. Equatilon (l) may be transformed to unnormalized
form by omitting N's, multlplying the last term by R, and
changing Q to w. Once R, = R and C, = ¥ ¢_ values haVe been
found, the remaining parameter estimates ﬁay be normalized
with them.

The remaining figures illustrate various response pos-
sibilities for the intrinsic~conduction, loose-~coupled iit—
vation with G/R effects negligible. Figure 4~a shows Z,,,
equivalent circuit, and Y. = 771 results in the simplesg
situation, that of bulk responSe only (r_,T ) = (w,0),
1mplying ohmic electrodes. Here, C ’ RE
R_, = (RC)',andG = fz'l—(ezﬁld(u b))
Values of R (— here) and C_ can only yiel in this
ordinary conduction case, estimftes of € and (u + o )c

Somewhat more can be learned from the completely
blocking (0,0) case of Fig. 4-b. Here w, is as above but
w' involves a mixture of bulk and interface parameters.
Define the Debye len%th for the present z, = £z case
as L [ekT/&ﬂ(ez Ye(n + p 31172 in the extrgn51c—
intr9n51c situatiofi. Tﬁe ef?ective Debye length, L , is
in general a frequency-dependent function of ¥, recgmbl—
nation,7’8 and mobility parameters. For most practical

purposes, one may use Le = L, however. In the intrinsic
case one should use Le € /2L’ for slow or zero (c, = N.) re-
combination under the following conditions: (a) up = {, all
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R, and (b) u_ << u_, 9 3 ﬂ—l. In this latter case, the fre-
quency is tob high for pos?tive charges to move appreciably
in a half ecycle and they thus act as if they were immobile.
let M = 2/2LD and M_ = &/2L , always taken >>1 here. Then
it is foundz’4 in the presegt case that C_ ¥ M C_ = ¢/8rL s
just the double~layer capacitance of two anerg %one at each
electrode) in series. Here, where a value of C_ is avail-
able, €, Cys and (un + up) can generally be found.

For the (0,r ) situation of Fig. 4—%, the material can
be even better characterized. Here G, = (M + rn), Ren 2

e
2/rn, and w, = t5l. One obtains the 4-b results when £, =
0, of course. Here, where p_ >> p_, analysis yields esti-
mates of ¢, Cys My and k= k__ ="k . This is the situa-

tion where an electrode rgactiﬁn is %he limit%ng chemical
step. Note that RDN = (1 + L Y1+ (2/rn)] =1 + RRN in
the present case.

Figure 5-a shows the complementary situation, that
where diffusion is the limiting step. Note that here L
the mobility of the discharging carrier, may be much smaller
than that of the blocked carrier. The low-frequency arc of
the z¥ diagram arises from the k = 5 term of Eq. (1). Its
initial (high-frequency) slope is unity when o, = 0, the
only cage considered here. The height of this arc is abiut
0.42 m "R and its width about 7-IR . Here N =1+ LI
Thus for m_ << 1, w'lRm, which is proportional to
v+ ?]"1, involves essentially only y_, the smaller
mogility. In the present case, Tgy_hay be gpproximated b
PMA[(2N, - c)/e, )= [(2+m ¥ 1) [411 2N, - ¢ ) /e M,
which takes Incomplete intrinsic dissociation (ci lei
into account. Thus, Tg 2 TeyTp 2 (b%-/Z)(Dn + D7) .
[(ZNi - ci)/ci]. Clearly, T. can become very lagge and
W, = 2,572+ very small when ¢, << N,. The_present k = 5
térm needs”some modificationZ'when % <M., When m_ v 1,
analysis of data of the present type can yield estimates of
€5 Cy» oo and p_ if N, is known iIndependently or =, N.,
U, and p_ 1f M ?and thus ¢ ) is obtained independently.
Tﬁe reactEon rate constant,ik , will be too large here
(rn >> 1) to be determinable Prom the data (reaction arc

too small to measure).

=]

The results of Fig. 5-b can appear when adsorption of
a charged species on the electrode occurs.”» The boundary

parameter T is then complex, T and may involve ot T
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and £, = T /TD In the loosely coupled case, £

100 M‘:? and"for m >> 1, C, ¥ £, r /2. Then, data
analysis can yielg estimates of €, 8., wo, k ,and T,

The latter two quantities may themselvesnbe expressed in
terms of more basic properties of the system, as discussed
elsewhere.” WNote that when >> R, and frequency re-
sponse measurements don't exteénd to high emough frequencies
to delineate the bulk semicircle, the present adsorption-
reaction results can be easily confused with the bulk-double
layer response of Fig, 4-b. The two similar responses can
be readily distinguished, however, on the basis of their
extensive or intensive dependence. Further, note that 5-b
shows that the electrode reaction semicircle may appear even
in a kind of completely blocking situation, one where =
o, Unless frequency response measurements are extended to
sufficiently low frequencies to show the beginning of the

C, capacitative rise, the presence of adsorption may not
even be recognized.

The conditions appropriate for the results shown in
Fig. 5-c are similar to those discussed above except that
r # 0 and Lo > r > 0. In this case, loosely coupled
réSults are Cow ¥ A + ¢ ), Ron 2 2/t ), ¢, =

) e y 0% ne AN
gAnrnw/zrnm’ and R 1 2r m/r wlno? where Tom® Tne o Tnot
Hére, = (L+ "1 ¥ (Z?r ?] =1+ + R, . =
1+ (2/rn Y. The radial frequengg at the peak of %Ee AR
arc, mA, ecomes, in the present case, w, = (TDRA CAN)‘l X
t7i(r /v ). 1t turns out for the situation of §ig. 5~-c

no’ "ne’ -, .
téat as_coupling increases and &,  decreases below ~ 100Me,
W, = T, always remains larger tﬁgn Wy« In fact, C N de-~
creases from the above C N >> C N value and approac%es the
smaller uncoupled C vaéue of ﬁe’ while C,,, simultaneously
increases above this value. At the same time, R decreases
toward zero and R,, increases toward -1 (%yr ).
Thus, for sufficiently small ¢,.., Z2N + 0, and 23 %ﬁen
plays the reaction role, invol%gng as before the gouble—
layer capacitance and a reaction resistance of (2/r_ )R in-
stead of the uncoupled value of (2/rnm)Rw. The original
teactlon arc disappears and its place is filled by what was,
in the loosely coupled region, the adsorption-reaction arc.
Therefore, if only a single reaction arc is present, it will
usually be impossible to establish which of T e OF Tog is
involved, although they are of course identical in the ab-
sence of adsorptiom.
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There are numerous further curve~shapes which can arise
from Z, = Z, in the loosely~coupled situation. Some of them
appear in Flg. 6-a. Note that when T o Tne Tnp < 0 and
both CA and R,.. are negative, leading to the negative-
capacitance arcs shown below the real axis. The largest
such semicircle, appearing for r -+ o, is the mirror image
of the reaction semicircle. Further when ~2 < T < 0,

< 0, and thus the differential resistance of the system
is negative in the low frequency limit. The result of
Fig. 6~b shows that a diffusion arc may appear at even lower
frequencies than the reaction and A/R arcs. . Experimental
results of just this form have been found by Gabrielli.

Finally, Fig. 7 shows some further possible combina-
tions of R, A/R, and D arcs. Typical parameter values
yielding results similar to those of Fig. 7-a and 7-b are
r = 109, r_ =0 for 7-a and 2 for 7-b, £, =2, T

?O-l, and M2 M = 10°. Values leading to shapes sInilar
to 7-¢ and 7-d are e = 6, r 0= 0 for 7-¢ and 2 for 7-d,
£y, = 4 x10%, m ="T071, and’M = M_ = 103, Notice that
tﬁ% large decrease in r__ has been compensated by a large
increase in & so that C is roughly the same in the a, b
and ¢, d cases. Many other arc combinations are possible.
For example, any of the A/R arc shapes of Fig. 6-a could
occur at the right of the 7-c¢ and 7-d4 diagrams, not just
those shown.,

In conclusion, it is worthwhile to summarize some gen-
eral expressions which should be useful for data analysis in
arbitriry (0,5, nm, and conduction-type situatii7s. Let
me = n¥/p* ¥ T+ N/ - %), where ¢ = (1 + xH/2. Here
¥x >> 1 for strong n~type doping; X = O for intrinsic condi-
tions; and x << -1 for strong p—type doping. Further, de-
fine 6n = nf/il +me) and e = ﬂe/(l + ﬁe), where m_ = ™ m..
Then RDN = e 1+ (2/rno)]. For loose coupling one finds:

Y v Y v ny Y
v Ray T b Oy T Oy = 15 Roy T Rpy = 26 Tpa Ogy =
CRN Me + Enrnw; and R3N = RAN = zrnm/enrnmrno’ C3N =
C Ean (EpTpe) /ZEnrnm. As already mentioned, Z,,. will
be negl&gible compared with the other contributions
to Zpy- The m appearing in the fifth term of Eq. (1)
shoufg be replaced by the more general w_. The approximate
expression for 1., already given above mdy be used (with the
factor b given mdre generallyl) in the ZSN part of Eq. (1)
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Fig. 7 Additiomnal (O,rn) response pogsibilities.

or its o, # 0 generalization. The quantity M_ usually may
be taken as M multiplied by a factor dependentl?g m,» recom-
bination, and Gn. This factor reduces t03 6n in the
L 1, ® full dissociation situation.
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